D1/D5 systems in J\f = 4 string theories 



> 
oo 



(N 



Edi Gava 1 , Amine B. Hammou 2 , Jose F. Morales 3 , and Kumar S. Narain 4 

SISSA, Trieste, Italy 1 ' 2 

O ■ The Abdus Salam ICTP, Trieste, Italy 1,4 

O ' 

' INFN, Sez. di Trieste, Trieste, Italy ' 

^ ! Spinoza Institute, Utrecht, The Netherlands 3 

Q 

Abstract 

We propose CFT descriptions of the D1/D5 system in a class of freely 
acting Z2 orbifolds/orientifolds of type IIB theory, with sixteen unbro- 
ken supercharges. The CFTs describing D1/D5 systems involve N = 
(4,4) or M = (4,0) sigma models on (i? 3 x S 1 x T 4 x (T 4 ) N /S N )/Z 2 , 
where the action of Z2 is diagonal and its precise nature depends on the 
model. We also discuss Dl(D5)-brane states carrying non-trivial Kaluza- 
Klein charges, which correspond to excitations of two-dimensional CFTs of 
the type (i? 3 xS 1 x T 4 ) N /Sn k ■ The resulting multiplicities for two- 
, charge bound states are shown to agree with the predictions of U-duality. 

We raise a puzzle concerning the multiplicities of three-charge systems, 
which is generically present in all vacuum configurations with sixteen un- 
broken supercharges studied so far, including the more familiar type IIB on 
K3 case: the constraints put on BPS counting formulae by U-duality are ap- 
parently in contradiction with any CFT interpretation. We argue that the 
presence of RR backgrounds appearing in the symmetric product CFT may 
provide a resolution of this puzzle. Finally, we show that the whole tower 
of D-instanton corrections to certain "BPS saturated couplings" in the low 
energy effective actions match with the corresponding one-loop threshold 
corrections on the dual fundamental string side. 
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1 Introduction 



The D1/D5 system has received much attention in the last few years, especially 
for its relation with the physics of 5- dimensional Black Holes [1, 2, 3, 4], and, more 
recently, in the context of AdS/CFT correspondence [5, 6]. The cases which have 
been most considered in the literature are those of D1/D5 systems in type IIB 
string theory on M with M being T 4 or K3, where Q 5 D5-branes are wrapped on 
M and Qi Dl-branes are parallel to the D5-branes and localized on M. In both 
cases the effective field theory describing the system is expected to flow in the 
infrared limit to a Af = (4, 4) CFT, whose non-trivial part is a sigma model with 
target the moduli space of U(Q 5 ) instantons on M. with instanton number Q 1 . 
This space is a smooth resolution of the (singular) symmetric product M. N /S^ 
with N = Q 1 Q 5 and N = Q 5 (Qi - Q 5 ) + l 1 for T 4 and K3 respectively [1, 7]. 
At the level of CFT, the resolution of singularities is implemented by turning on 
certain marginal deformations and therefore, if one is interested in topological 
quantities like the elliptic genus, one may as well work at a symmetric product 
point in the moduli space. 

In particular, the T 4 case has been studied in great detail in [10], where a multiplic- 
ity formula for three-charge BPS states {Q\,Q^ and KK momentum) preserving 
1/8 of the bulk supersymmetry has been derived. The formula, valid in the prim- 
itive three-charge vector case, was shown to agree with U-duality. In the same 
paper, the multiplicity formula was found to agree, where it is supposed to, with 
the counting formula obtained from the dual supergravity description in terms of 
KK harmonics on AdS 3 x S 3 x T 4 . 

A similar detailed analysis for the D1/D5 system in backgrounds with 16 super- 
charges (in D < 10) is still missing 2 , although for the case of type IIB theory 
on K3 tests of the proposed symmetric product CFT have been performed in 
the context of AdS/CFT correspondence [11, 12, 13, 14]. Moreover, in this case, 
the relation between symmetric products of K3 and the moduli space of U(n) 
instantons on K3 is mathematically well understood [16, 15]. 

Purpose of the present work is to discuss systematically various aspects of this 
issue in the context of a class of theories with 16 supercharges. These are obtained 
by orbifolding/orientifolding type IIB theory with freely acting Z 2 actions, which 
involve shifting along some compact direction together with the action of Z 2 ele- 
ments such as the world sheet parity f2, (— ) Fl , with F L the spacetime left-moving 

1 The physical reason for the shift in in the K3 case was first explained in [8]. 
2 Not to mention the case of 16 supercharges in D = 10, i.e. type I theory, which is beyond 
the scope of the present work. 
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fermion number or J 4 , the reflection of the 4 coordinates of a T 4 . A prototype of 
these vacua: type HB/fla p , was introduced in [17] and termed as "type I theory 
without open strings" . 

Compared to the type I case, theories obtained this way have the simplifying fea- 
ture of avoiding the presence of the open string sector (in the case where the Z2 
includes the world-sheet parity operator Q) [17]. Moreover, via the adiabatic ar- 
gument [18, 19], these actions are expected to commute with ^-duality Therefore 
the U-duality group is still at work, relating in a non-perturbative way various 
backgrounds. In particular we can relate the D1/D5 system in one theory to fun- 
damental string winding plus KK momentum states in another theory. Also, we 
obtain non-trivial relations for the three-charge systems in different backgrounds. 

We will derive CFTs for the D1/D5 systems in the various cases and test them 
against the U-duality predictions. We will find agreement for the two-charge states 
but generically disagreement for the three-charge states. For the latter states, we 
will point out a similar problem in the case of type IIB theory on K3. We will 
argue that the presence of non-trivial RR backgrounds in the symmetric product 
CFT may provide a resolution of this problem. 

The paper is organized as follows: in section 2 we will describe the various type 
IIB orbifold/orientifold backgrounds and the U-duality relations among them that 
will be relevant to our subsequent analysis. The discussion here will be general 
for the case where the shift is transverse to the D-branes, but we will partially 
cover the logitudinal shift case too. We also discuss the role of RR background in 
the U-duality relations. 

In section 3 we will derive the effective field theory for systems of Dl-branes, 
D5-branes and Dl/D5-branes and show that they involve symmetric products 
of T 4 and R 3 x S 1 factors, with appropriate Z 2 orbifold actions, depending on 
the background in consideration. For theories which involve orientifolding, the 
resulting D1/D5 CFT is of type (4,0). In section 4 we will derive the relevant 
elliptic genus formulae for symmetric products involving both even and odd fields, 
with respect to the above extra Z2 orbifold actions. In section 5 these results will 
be used to show that the predictions of the proposed CFTs agree with those of the 
perturbative string partition functions of the U dual theories, for all two-charge 
cases, including the D1-D5 case. We also point out a problem concerning the 
three-charge states (D1-D5-KK), which arises in the models we are considering 
and also in the more familiar K3 case: there is an apparent clash between U- 
duality and CFT interpretation of multiplicity formulae. 

In section 6 we compute the moduli dependence of low energy couplings involving 
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the gauge fields arising from KK reduction in various backgrounds. We verify the 
matching of one-loop expressions on the fundamental string side with D-instanton 
contributions on the dual side. 

In section 7, we will make some conclusions and also comment about the puzzle 
concerning three-charge states discussed in section 5. In appendix A we present 
a systematic description of the open string theory living on intersecting D1-D5- 
branes, in the presence of longitudinal shifts. In appendix B we derive symmetric 
product partition functions for free fields acted upon by a Z 2 orbifold. This 
complements the more general derivation presented in section 4. In appendix C we 
include some details of the genus-one modular integral relevant to the computation 
of low energy couplings of section 6. 

2 U-duality chain of type IIB orbifold/orientifolds 

2.1 Transverse shift 

In this section we construct a series of five-dimensional U-dual models with sixteen 
unbroken supercharges. We adopt Sen's fiberwise construction procedure [19] to 
generate lower dimensional dual pairs from the self-dual (under a subgroup of the 
full five-dimensional U-duality group that we will still call U) type IIB theory 
on T 5 , which is taken to be in the 12345 directions. We will further compactify 
on an additional S* 1 of radius Rq in the 6-th direction, to accompany various Z2 
orbifold/orientifold actions with a shift of order two along S 1 . We will restrict 
ourselves to the case of a geometrical shift by half winding, denoted by o Vi with 
2 = 1,6 according to whether the shift is longitudinal or transverse to the brane 
system. In the transverse case, which we will consider first, this results in a factor 
(— ) P6 in the untwisted sector lattice sum, being the momentum in the Xq 
direction. By the adiabatic argument [18], the free nature of these Z 2 's makes the 
orbifold action commuting with S-duality. 

We start by defining a U-duality chain that maps into each other the various 
charges in the perturbative and solitonic spectrum of the toroidal type IIB par- 
ent theory. Under these duality transformations, perturbative symmetries of the 
underlying theory such as Q (worldsheet parity operator), (— ) Fl (left moving 
spacetime fermion number) and I 4 (reflection in the (2345) plane) are mapped 
into each other. A prototype of such a duality chain is displayed in table 1.1: 
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A — B C — D 

-Pi -Di -D12345 

Pi Pi Pi Pi 

I A h I A I A 

n ni 4 {-Y L h 

Table 1.1: Dl(D5)-p to fundamental strings 

For the time being different columns, labeled by A, B,..., represent equivalent 
descriptions of type IIB theory on T 5 but in the following they will stand for a 
triplet of models obtained by orbifolding/orientifolding the toroidal theory by one 
of the three perturbative symmetries displayed in each column (accompanied by a 
Z 2 shift <t P6 ). Different columns are connected by S or T^ k elements (the indices 
indicating the direction along which T-duality is performed) of the U-duality 
group. Winding, momentum, NS-fivebrane and D-brane states are denoted by 
Fj, Pi, NSijkim, D{jk... respectively with the indices specifying the directions along 
which they are oriented. We will focus on two-charge systems which admit always 
a U-dual perturbative description in terms of winding- momentum charges. 

A bound state of N Dl-strings and k units of KK momentum p 1 at step C, 
for example, is mapped through S (step D) to a fundamental string wrapped N 
times on the I s * circle and carrying k units of momentum. Similarly a D5-p bound 
state at C is mapped at step A to a fundamental string bound state F\ — p\. A 
D1/D5 bound state, on the other hand, can be mapped again to a fundamental 
string-momentum bound state through the more involved chain of dualities: 
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C — D E — F G — H 







Pi 


Pi 


Pi 


Pi 


-D12345 


-^'S'12345 


NS 12345 


-Dl2345 


D 1 


^1 


Pi 


Pi 




D 1 


-D12345 


-^V*Sl2345 


ft 






n 




R^4 


h 








ft 




QI 4 


R^4 


/4 


h 


h 


h 



Table 1.2: Mapping Dl/D5-branes to fundamental strings 

We can now consider the modeling out of type IIB theory on T 4 x S 1 by one of 
the three Z 2 's (let say at step C) generated by fi<r P6 , / 4 o- p6 and ilI 4 a P6 . We will 
refer to these theories as /, // and III respectively. Accordingly, we will denote 
the dual descriptions at step H as Ip, Hf, and IIIp respectively. In all the cases 
the shift along Xq is transverse to the D1-, D5-branes which are wrapped along 
Xi, ...,X 5 . Notice that alternative descriptions of these triplets of theories appear 
at different steps in the two tables 1.1, 1.2. 

The fiberwise construction procedure [18, 19] states that a dual pair can be defined 
(under certain adiabatic hypotesis) by modding out the parent theories by two 
dual actions, i.e. two symmetry elements in the same line in the U-duality chain 
above. The inclusion of the shift makes the adiabatic argument applicable. Notice 
also that the shift a P6 is invariant under all the elements of the U-duality group 
involved in the above chain. 

From table 1.2 we see that D1/D5 bound states in column C are mapped to 
fundamental string states in column H, where theories Ip, Hp and Hip appear. 
However, we see that exciting KK momentum on the D1/D5 system amounts to 
excite NS5-brane charges in H. 

On the other hand the duality chains above provides also stringent constraints on 
the three-charge systems (D1-D5-KK) of our three theories: 

• by comparing column F with column G we see that Dl and D5 charges are 
exchanged, with theory II left invariant, while theories / and /// are exchanged. 

• by comparing column C with column F we see that Dl and p charges are 
exchanged, with theory / left invariant, while theories II and /// are exchanged. 

• by comparing column B with column G we see that D5 and p charges are 
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exchanged, with theory 777 left invariant, while theories I and II are exchanged. 

As we will see, these relations will put severe constraints on the multiplicity formu- 
lae for the three-charge systems and hence on the effective field theory governing 
them. 

2.2 Longitudinal shift 

One may ask the question of what happens if the shift is longitudinal to the 
D-branes, i.e. instead of a P6 we have a Pl . 

One first notice that a Pl is still invariant under the U-duality transformations 
involved in the chain 1.1, but now in going from step D to step E in chain 1.2, the 
half winding shift gets transformed into a half-momentum shift <jf x - Consequently 
the twisted sector of the theory at step E contains half-integer momentum modes 
localized at fixed points. In going from E to F we expect a non-perturbative 
phase a Dl for the states carrying Dl-brane charge. This cannot be the whole 
story however. This is clear from a comparison of the perturbative spectrum of 
states at step E and F: in the former case integer (untwisted states) and half- 
integer (twisted states) momentum modes come with different multiplicities due 
to the winding shift (see formulas (5.3) below with Fi — > pi), while in the dual 
description the distinction between even and odd modes would not exist, since the 
above non-perturbative phase leaves invariant the whole perturbative spectrum. 

An insight about the correct map can be gained from a careful analysis of the 
fundamental string partition function at step E. Model II at this step is type 
IIB/(— ) Fl I<i<7f 1 . As we mentioned above, a shift in F 1 implies that states in 
the twisted sector carry half-integer momenta and are localized at fixed points. 
Under S duality to step F, these are mapped to open string states living on the 
D5-branes ("twisted sector" with respect to QI4), sitting at orientifold 5-planes 
at 16 fixed points. There are, to begin with, 16 pairs of D5-branes, each pair at a 
fixed point, giving rise to the gauge group SO(2) 16 . However, due to the presence 
of half-integer momentum modes pi, we conclude that a Z2 Wilson line along the 
circle on X\ must be turned on at step F, thereby breaking completely SO{2) 16 . 
If we do a further T-duality along X 1 we then have type F on T 5 /Z 2 with 32 
4-branes distributed on the 32 fixed points and a completely broken gauge group. 

After four T-dualities to step G this, together with the fact that D5-branes sit 
at sixteen different fixed points of J 4 , translates into a type I theory on T 5 with 
five Wilson lines turned on to break completely the gauge group. Finally under 
S duality, we get a perturbative description of the D1/D5 system of model II in 
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terms of the fundamental heterotic string with a gauge group completely broken 
by Wilson lines at step H. We will refer to this model as model IV. 

We will comment later on the difficulties involved in trying to extend this analysis 
to the case of longitudinal shift for models / and III. 



2.3 x = l/ 2 P° int 

In the following we will be considering the symmetric product CFTs for the D1/D5 
systems. It is generally believed that this CFT describes the infrared limit of the 
D1/D5 system for Q 5 = 1 at a point in the moduli space where the R-R scalar x 
and the 4-form C(4) are turned on along the directions transverse to the Dl brane 
and longitudinal to the D5 brane. Let V4 denote the volume of the T 4 along these 
directions, then this point in the moduli space is given by 

x = % 4 V t = <2i (2.1) 

For non-zero x ( an d C(4)) the D1/D5 system becomes a true bound state since the 
Dl (and D5) brane gets an induced fundamental string charge. The net induced 
charges for the system of 1 D5 brane and Qi Dl branes remain zero and therefore 
it would cost some energy for this system to split. This phenomenon can best 
be understood by mapping D1/D5 system to the perturbative states by following 
the chain from step C to step H in the table 1.2. Actually for x — 1/2, the 
S-duality in going from step C to D should be replaced by the transformation 
which takes the complex coupling constant r to -^zj, as pointed out in [20]. This 
keeps x = -Re(r) = 1/2 invariant. Although one can still follow the chain of 
dualities, the transformations on the charge vectors are more involved than what 
is presented in the table. To avoid this complication, for this subsection, we will 
replace the first three steps in the above chain by the transformation T15ST15.R15 
where -R15 is the rotation by 7r/2 in the 1-5 plane. It is easy to see that this 
transformation takes the step C to H with the charges transforming as indicated 
in the table. Moreover, the complex moduli r = x + ie~^ and r' = Cu\ -MV^e - ^ at 
step C are mapped to the complex moduli U and T corresponding to the complex 
structure and the complex Kahler class of the T 2 along directions 1 and 5 at step 
H. The perturbative charge lattice 1^2,2) in the latter are given by the complex 
left and right moving momenta 

P L = J_ [n 5 + m 5 TU + mU - miT] 

P R = 7 =L= [n 5 + m 5 TU + ni U - mif] (2.2) 
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where n« are the KK momenta and rrii are the windings along directions 1 and 
5. By the duality chain one also sees that for \ = C(4) = 0) n ii m i? n 5 an d 
W5 at step H correspond to the numbers of Di, -D12345, F\ and ^6*12345 branes 
respectively. Thus the real parts of Pl and Pr contain the information of the 
F 1 and iVS , 12 345 charges while the imaginary parts that of D\ and -D12345 charges. 
Setting n$ = m 5 = (i.e. setting the sources of F\ and NS\2Z45 charges to zero), 
the real parts then would carry the information of the respective induced charges 
in the presence of x an d C(4). For C(4) = - q x with p and q some integers, we see 
that there are no induced charges of F 1 and iV 5*12345 branes iff n\ = |mi 3 . 

In the usual type IIB on T 4 or K3, or the model II considered here, x an d C(4) are 
moduli fields and therefore one can continuously go from the point x — C(4) — 
to any other point. Furthermore, since the subspace of the moduli space where 
the system is at threshold is of real co-dimension greater than 1, one expects that 
the quantities such as elliptic genus would not depend on the value of x- 111 the 
models / and however, the x an d C(4) fields are projected out, and therefore, 
the x — 1/2 and/or C( 4 ) = 1/2 point (which fortunately is invariant under Q) 
cannot be connected to the trivial point. In fact, in general the models obtained 
by Q projection at x — 1/2 may be quite different from the ones at x — 0- To 
illustrate this, consider the usual type I' theory on S* 1 x T 4 (i.e. IIB/O/4 where 
I4 acts on T 4 with no shift) at x — 1/2 and C2345 = 0. By following the duality 
chain of table 1.2, at step H, this becomes IIB on S* 1 x T 4 // 4 where the effect 
of x is a Z2 mixing of T^i) and T^^) lattices of momemta and windings on S* 1 
and T 4 . More explicitly, x = 1/2 and Cu\ = implies that Re(U) = 1/2 and 
Re(T) = in eq(2.2). The I4 action which reflects the real parts of Pl and P R 
is still an automorphism of the resulting r( 5j5 ) lattice. The set of I4 invariant 
vectors now form a sublattice T of the self-dual lattice T^x) with T^y/V = Z 2 . 
By modular transformation from the sector tr/ 4 over the untwisted Hilbert space, 
one finds that in the twisted sector the charge vectors are contained in the dual 
lattice T* of T and the multiplicities are now given by number of fixed points 
divided by the square root of the order of T*/r which in the present case gives 
16/2 = 8. In particular, there will be 8 massless 5-dimensional gauge fields coming 
from the twisted sector instead of the usual 16 (for x = 0) when there is no Z2 

3 For x — 1/2 the equation n\ = |mi need be true modulo even numbers since we can turn 
on 715 to set the real parts of Pl and Pr equal to zero. Turning on n§ would mean turning 
on a source of F\ in the original system. In particular this means that at the \ = 1/2 point 
with p/q — Q\, the bound state of 1 D5 and Qi Dl branes has a mass equal to the sum of the 
masses of (1D5, (Q\ — 2r)Dl, rFl) bound state and (2r£>i, —rF\) bound state. Here the integer 
r represents the source of Fl charge. It is not clear to us why the existence of such channels 
does not introduce singularity in the CFT 



9 



mixing of Fnu and F( 4j4 ). At the level of type I' what this means is that out of 
the 16 orientifold fix planes, 12 come with positive charge while the remaining 
4 come with negative charge. As a result, there are only 8 pairs of space filling 
D5 branes (instead of 16 in the absence of x). This is not surprising, since by 
two T-dualities followed by an S-duality, type I' model is mapped to IIB on T 2 
modded by Vl(—1) Fl I 2 in the presence of a Z 2 discrete NS B field. The latter is 
known to give rise to 3 orientifold planes with positive charge and 1 with negative 
charge, resulting in a rank 8 gauge group coming from the open string sector [20]. 
Note that the single Dl brane now is non-BPS, since it carries induced Fl charge. 
At step H this is evident, since for (ni,mi) = (1,0) the real parts of P L and 
P R , which are reflected by J 4 (and hence not associated to a conserved charge), 
are non-vanishing and therefore the corresponding state must be non-BPS. These 
states would decay to BPS states by emitting pairs of twisted states. 

Let us now return to the D1/D5 system for model III, considered here at % = 1/2. 
In the present case since f2/ 4 is accompanied by a transverse shift there are no 
additional gauge fields coming from the twisted sectors in the U-dual theory at 
step H. The multiplicities of the D1/D5 system can be read off from the orbifold 
group invariant untwisted states of the latter. Note that while x = 1/2, C(4) — 
or 1/2 (modulo integers), depending on whether Qi is even or odd. At step H, 
this means that while real part of the modulus U is 1/2, the real part of T is or 
1/2 in these two cases. As a result, the corresponding charge vector is always in 
the invariant sublattice V. Therefore the multiplicities of D1/D5 system can be 
read off from the untwisted sector of the U-dual theory at step H. 

For the 3 charge system, however, the U-duality map between the model III at 
step C and model // at step F which exchanges Dl and KK charges will not give 
much information. Indeed, assuming that the symmetric product CFT at step C 
describes the physics at x — C(4)/Qi = 1/2, the U-duality maps it to a system of 
1 D5 brane and Qi units of KK charge in the presence of B^ 5 S = C1234/Q1 = 1/2. 
The presence of such background field would break the Lorentz invariance of the 
world sheet which is along 01 direction. Moreover, as we argued above, a single 
D5 brane is not BPS (for C( 4 ) = Qi/2 with odd Q{), since it has an induced Q±/2 
units of Fi charge at step C. At step F this implies that the single D5 brane 
carries Qi/2 units of F 5 charge. Since this charge can be obtained by turning on 
an electric field along 05 directions in the D5 brane world volume theory, it would 
appear as the momentum mode of the Wilson line along the 5th direction. The 
induced charge therefore should mean a Z 2 shift in the momentum lattice of the 
Wilson line. Since the orbifold group reflects this Wilson line, the shifted lattice 
for Q 1 odd will have no invariant vector, implying that the single D5 brane is not 
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BPS. Moreover, since the Dl branes at step C also carry the same induced charges 
in such a way that, for Qi (modulo even numbers) Dl branes it cancels the induced 
charge of D5 brane, we conclude that there should be a shift in the Wilson line 
lattice which is proportional to the total momentum along direction 1. In a CFT 
the latter is given by L — L . Thus, there should be a very non-standard coupling 
between Wilson line lattice vectors and L — L . These observations might give 
a hint on how to go about modifying the symmetric product CFT to take into 
account the Bf 5 s = C\2u/Qi = 1/2 background, although in the following we will 
not attempt to do this. 

3 Effective World Volume CFT 

In this section we will try to obtain the effective fields theories for pure D5-branes, 
pure Dl-branes and D1/D5 system for each of the models described in the previous 
section that are related by U-duality. 

3.1 Transverse Shift 

We first discuss the case when the shift is transverse to the brane system. In all the 
models we are considering we have Z 2 orbifolding of type IIB theory compactified 
on T A x S 1 x S 1 where the Z 2 is generated by an element of the form g ■ a with 
g being a combination of Q and reflection of T 4 and a is a shift on the last S* 1 
factor. We are considering the system of D5-and Dl-branes where the D5-brane is 
wrapped on the T 4 and the first S* 1 factor and the Dl brane is wrapped on the first 
S* 1 factor. If we have Q5 D5-branes and Qi Dl-branes in the quotient space, then 
in the covering space there will be two identical sets of (Q$, Qi) systems which are 
placed at X 6 and X 6 + tiRq with the world volume theory on the two sets being 
identified via the Z 2 action g. Let $1 and $ 2 be the world volume fields on the 
two systems at X 6 and X e + irR 6 respectively, then the identification is given by 
$2 = 9&i, where g is the Z 2 action induced by g on the world volume fields. This 
essentially means that the effective world volume theory is described by just one 
set of fields (say $1) since the other set is not independent. This would just be the 
field content of a single set of (Q 5 , Q±) system in type IIB theory compactified on 
T 4 x S 1 x S 1 with Rq being the radius of the last S 1 . Where then does one see the 
effect of Z 2 orbifolding of the underlying IIB theory ? To understand this, note 
that among the fields $1 there is one which corresponds to the common center 
of mass position of Dl/D5-branes along the X 6 direction. We shall denote this 
field by X 6 . As one changes the value of X 6 , the entire system of the two sets of 
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branes moves along this direction. In particular when one moves X 6 all the way 
to X 6 + ttRq and the remaining fields $1 to g&i, then this system is equivalent to 
the original system (in a description where one uses $2 as the independent field). 
Thus there is a Z 2 gauging on the effective world volume theory defined by the 
action go, with a being the shift on the center of mass world volume field X 6 . 
Now we will apply these general considerations to the cases of pure D5-branes, 
Dl-branes (carrying KK-momenta) and D5/D1 system for the three models I, II 
and III respectively: 

D5-brane world volume theory 



The low energy effective world volume theory on D5 branes in type IIB theory 
is just the 6-dimensional M = (1,1) supersymmetric U(Q§) gauge theory. Let 
X°, X 1 , ...,X 5 be the directions along the D5-brane world volume, of which the 
4 directions X 2 ,...,X 5 are compactified on a torus. We can now carry out a 
dimensional reduction so that the fields depend only on X° and X 1 4 . Let us 
denote by n, v — 0,1, i,j = 2,..., 5 and a,b — 6,..., 9. The world volume fields 
on the D5-branes are A^, A t , X a which are in the adjoint representation of U (Q5) 
and their fermionic partners ip. Sometimes for brevity of notation we will use Am, 
M = 0, 1, ...9 to denote all the bosonic fields. Let us denote by g 1: g 2 and g 3 the 
Z 2 actions f2, 12345 and £1/2345 respectively. We start by determining the g\, g 2 , 
§3 induced actions on worldvolume fields, once one accompanies the Z 2 elements 
above with a geometric shift X 6 — > X 6 + nR 6 . For the (4,4) model this follows 
directly from the interpretation of A^ as describing the Wilson lines along T 4 and 
from supersymmetry: 

g 2 : X 6 ^X 6 + ttR 6 , A* -> -A, i> - ? 2Z ^ (3.1) 

To understand the action g i: let us reconsider the system of D5-branes. We have 
a total of 2Q 5 D5-branes in the covering space, where Q 5 of them are sitting at 
the center of mass position X 6 and the remaining Q 5 at X 6 + irR 6 . Thus in the 
resulting system U(2Q 5 ) is broken to U(Q 5 ) x U(Q 5 ). The gauge fields can then 
be represented in terms of Q 5 x Q 5 blocks: 

Am= I T *=( l .L ) (3.2) 





4 We will throughout this paper assume that the radii of this torus are of the order of string 
scale so that in the low energy effective action one can ignore the KK modes for D5 branes as 
well as the winding modes for the Dl branes along these directions. 
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where Am and A' M are the U (Q5) gauge fields on the two sets of branes. These two 
gauge fields are of course not independent of each other; they should be related by 
the Z 2 action in the underlying string theory The shift exchanges the two sets of 
branes and therefore exchanges Am with A' M , while the Q symplectic projection 
acts on the Chan-Paton indices with the result 

Am = T^A'm^ = -r^ 5 ^5 (3.3) 
with f2 5 written in terms of Q 5 x Q 5 blocks as 

n 5 = i^_° 1 (3-4) 

and =p sign means — for M = 0,...,5 and + for M = 6,..., 9. In the above 
I^ 7 ) = r 012 345. More explicitly the above projection implies 

4, = -4 A\ = -A\ X' a = X\ ^ = -T^ (3.5) 

We can now take the independent set of fields to be Am and ip. However the Z 2 
action which takes the values of these fields to that of A' M and ip' will give rise to 
a configuration which is indistinguishable from the original one. Thus the induced 
Z 2 gauging on the set of fields Am and ip is given by 



g i: A,^-Al, A^-Al X a ^Xl V^-r ( V (3.6) 
Finally since g 3 = g\ • g 2 it follows that the induced action g 3 is given by: 

$3:4, --4, Ai^+Al, X a -^Xl ^^-W (3.7) 

In the Coulomb branch the moduli space is given by taking diagonal matrices 
for Ai,X a and ip, up to the Weyl group which is the permutation group Sq 5 
acting on the Q5 eigenvalues. In particular, the diagonal entries in X a describe 
the transverse positions of each of the D5-branes. If one moves any one of these 
branes along the X 6 direction by an amount tiRq and simultaneously changes the 
field on that brane by the action of g, then this system would be indistinguishable 
from the original one. Thus the conformal field theory describing the Coulomb 
branch can be written as 

Mcouiomb = (R 3 xS'x T 4 ) N /S N k (3.8) 

where N = Q 5 , S 1 denotes the circle along X 6 direction and T 4 (dual of the 
original T 4 ), appearing from the Wilson lines, will be coordinatized by A 2 , A 5 . 



13 



The Zr£ 5 orbifold group is generated in models /, II and III by (3.6), (3.1) and 

(3.7) respectively, acting on each of the Q 5 copies of R 3 x S 1 x T 4 . Of course 
this Z 2 5 action does not commute with the permutation group Sq 5 and indeed in 

(3.8) we have a semidirect product. This may seem a bit puzzling since Sq 5 is the 
remnant of the U (Qs) gauge symmetry of the system before going to the Coulomb 
branch. The point is that at the level of U{Q^) gauge theory, where one ignores 
the massive modes coming from the strings stretched between the D5-branes at 
X 6 and their images at Xq + ttRq, this Z 2 5 symmetry is broken. However it is easy 
to see that this should be the symmetry of the theory when one includes these 
massive states that transform in the {Q^.Q^) representations of U(Q 5 ) x U(Q 5 ) 
gauge symmetry. In the infrared limit in the Coulomb branch, when one ignores 
all the massive off-diagonal modes, the theory has manifest Z 2 5 symmetry. 

Acting on the transverse fields entering in (3.8), the induced Z 2 actions (3. 6), (3.1) 
and (3.7) can be written as 

91 = (-) FL ^2345 ^pe 

92 = -^2345 Cpfj 

93 = (-) Fl <J P6 (3.9) 

where we recognize in Toi the world sheet chirality operator (— ) Fl and in J 4 and 
T2345 the reflection operator acting on T 4 's bosons and fermions respectively. 

Note that for Q 5 = 1 the effective theories we have obtained are just the type IIB 
Z 2 orbifolds generated by (3.9) in the static gauge. Indeed from the U-duality 
map table 1.1, we recognize the corresponding fundamental sides of the D5-KK 
systems in the string vacua defined by the Q, J 4 and f2/ 4 projections respectively. 

Note that Z 2 orbifolding breaks the (8,8) supersymmetry of the parent IIB system 
down to (4,4) for models I and II, while it breaks to (8,0) for model This 
is to be expected since by T-dualities along 2,3,4 and 5 directions the D5-brane 
in the model III is mapped to Dl-brane in model /, which is just a type I-like 
theory. 

Dl-brane world volume theory 

One can follow the above reasonings also for Dl-branes. The only difference is that 
the fl projection now gives an extra negative sign also for 2, 3, 4 and 5 directions 
since, unlike the D5 brane case, they are now transverse. It is easy to see that 
this just exchanges gi with while leaving the g 2 unchanged. Once again for 
Qi — 1 this reproduces the fundamental side (under column D), for these three 
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cases. Moreover, this is also consistent with T-duality since by four T-dualities 
along 2,3,4 and 5 directions, the D5 brane is exchanged with Dl brane and model 
I is exchanged with model 

• We summarize the various Z 2 actions entering in (3.8) for pure D5- (N = Q5) 
and pure Dl- (JV = Qi) brane systems in the following table: 

Model Dl - KK D5 - KK 

i (-)^ {-Y L -h 

II h h 

Table 2.1: Dl-KK, D5-KK bound states: Induced Z 2 actions entering in 
(3.8) 



In the comparison with the fundamental string multiplicities, we will restrict our- 
selves to two-charge systems and therefore we should focus on the untwisted sec- 
tors of (3.8). Z 2 -twisted states correspond, in each case, to states carrying addi- 
tional charges corresponding to Dl(D5)-branes oriented along the direction X 6 . 
In the dual picture, this corresponds to a fundamental string carrying winding- 
momentum along X 1 , together with an additional odd winding charge F 6 . Indeed 
degeneracies for fundamental string states carrying odd F 6 winding charges can 
be read off from the twisted sector amplitudes in A or D and with a little effort 
can be seen to match the ones coming from the three-charge bound states. In the 
following we will however limit ourselves to the two-charge system, and (3.8) will 
be always understood (for transverse shifts) restricted to the Z 2 -untwisted sector. 

D1/D5 system 

Now let us add Qi D-strings to the system of Q5 D5-branes. Dl-branes are 
along the X 1 direction while D5-branes are along the X 1 , X 5 directions. In the 
covering space again this system would split into two copies of the D1/D5 system 
sitting at X 6 and X 6 + tcR 6 . For each of these two sets, the 1+1 dimensional 
common world volume theory is just a supersymmetric sigma model on the moduli 
space M of Qi instantons of Af = 4 U(Q 5 ) gauge theory on T 4 , times the center 
of mass fields corresponding to the common transverse directions R 3 x S 1 . This is 
exactly the model appearing in the type IIB context. Since each of the Z 2 actions 
on the D5-brane world volume gauge fields described above leaves the self-duality 
equations invariant, it follows that it induces an action g on the instanton moduli 
space M. Following the logic described above, it then follows that the effective 
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world volume theory is the Z 2 gauging of the theory in the IIB case where the Z 2 
is generated by g ■ a. 

In the infrared limit the (4,4) supersymmetric sigma model on M. x R 4 would 
flow to a (4,4) CFT. It is conjectured that this CFT is a symmetric product space 
R 4 x T 4 x (T 4 ) N / Sn- There has been much critical discussion of this conjecture 
in the literature [9, 23, 24]. As mentioned in the previous section, it is generally 
believed that this is true for the Q§ = 1 case at the point x = C2345/Q1 = 1/2 and 
V4 = Qi in the moduli space, where x an d ^2345 are the RR 0-form and 4-form 
fields and V 4 is the volume of the T 4 along 2345 directions 5 For other values of 
Q 5 with Qi relatively coprime, this CFT with N = Qi ■ Q 5 perhaps describes the 
system at some point in the moduli space of the IIB theory on T 4 , which is related 
to the point for Q 5 = 1 case by a U-duality that maps the (Q 5: Qi) system to the 
(l,QiQ5) system [24]. Note that the point x — C2345/Q1 = 1/2, at which the 
theory is described by the symmetric product CFT, is invariant under the action 
of Q and I 4 . In model //, x an d C2345 are moduli fields and therefore one can 
continuously go from this point to the point where these fields are switched off, 
and one expects that the quantities such as elliptic genus will not change in this 
process. However, for models / and these moduli fields are projected out and 
as a result these models are frozen at the x = C2345/V4 = 1/2 point. Therefore, 
the elliptic genus computed at this point may not be the same as the one at the 
trivial point. We will comment on this in the conclusions, but for the rest of the 
paper we will be working at the point in the moduli space where the symmetric 
product CFT is the correct description. 

For Q 5 — 1 the various factors appearing in the CFT have a clear interpretation: 
the D-flatness condition sets all the bifundamental fields coming from 1-5 open 
string states to zero, leaving behind only the Cartan directions of the 1-1 U(Qi) 
adjoint states. The latter have the interpretation of the positions of the D-strings 
inside T 4 . Thus the factor (T 4 ) Ql / Sq 1 represents the positions of the Q\ instan- 
tons, while the center of mass factors R 4 and T 4 represent the transverse position 
of the D5 brane and its U(l) Wilson lines on the T 4 (so more precisely this should 
be the dual torus). In our case, of course since the transverse direction along X 6 
is compactified on a circle, R 4 should be replaced by R 3 x S 1 . 

With the physical interpretation of the various fields appearing in the CFT being 
clear, we are now in a position to deduce the induced Z 2 action on the instanton 

5 V4 is set at Q1/Q5 in order to minimize the mass of the bound state. This amounts to 
setting the asymptotic value of the V4 equal to its fixed value at the horizon of the D1/D5 
system. Note that precisely for this choice the supergravity solution admits a constant \ an d 
C2345 [25]. 
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moduli space for each of the three models. Let us denote by for i = 2, 5 the 
four U(l) Wilson lines of the D5-brane gauge field and by xf^ for i — 1, ...,Qi 
the positions of the Qi instantons on T 4 . Finally we denote by X a for a = 6, 9 
the coordinates of the center of mass transverse position S 1 x R 3 . The little group 
SO (A) = SU{2) A x SU(2) Y acts on the tangent space of S 1 x R 3 . In the type IIB 
theory the resulting CFT has (4,4) supersymmetry. The left and right moving 
supercharges come with definite chiralities with respect to the little group SO (4). 
Specifically the left moving supercharges are two SU (2) A doublets while the right 
moving ones are two SU(2) Y doublets. The supermultiplets then are 

Bosons Left-moving Fermions Right-moving Fermions 

X a = X AY IpA i>Y 

Ai ip Y 4>a 



gi leaves X a and X\ invariant, since these are respectively the center of mass 
position and the positions of Dl-branes in T 4 . It however takes Ai to —A^ since 
projects out the £7(1) gauge field. The easiest way to understand its action 
on the fermions is to use the fact that in this theory the D1/D5 system should 
preserve (4,0) supersymmetry. As a result, ip A and ipy^ should remain unchanged 
while ipY must pick up a minus sign. On the right-moving fermions the action is 
exactly the reverse of this, i.e. ipy and ^ A should pick up a minus sign while ^ A 
should remain unchanged. This is because X a and A^ are D5-brane fields and as 
one can see from table 2.1 or eqs. (3.9) gi acts on the fermions by = (— ) Fi J 4 . 
Thus SU(2) A and SU(2)y doublets must appear with opposite signs. On the 
other hand, xf 1 are the Dl-brane fields and on the fermions g\ acts as Toi. Thus 
the left and right moving fermions appear with opposite signs. To summarize gi 
maps 



In model II the induced action is more straightforward to see. In this case the 
D1/D5 system preserves the full (4,4) supersymmetry of the parent type IIB 
system. Thus it is sufficient to specify the g 2 action on the bosonic fields. Since 
g2 is the inversion -Z2345, it follows that it gives negative sign to Ai and xf^ and 
all their fermionic partners. Finally, §3 is just obtained as product of gi.§2- We 
conclude then that D1/D5 gauge theories flow in the infrared to orbifolds CFT of 
the type 






(x a ,x?\^ A ,4>¥\i> A ) 

{Ai^Y^f^v) 



-{Ai^Y^f^y) 



(3.10) 



-Mhiggs = (R 3 x S 1 x T 4 x (T 4 ) N /S N ) /Z 2 



(3.11) 
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with N = Q1Q5 = Q\ and Z 2 acting diagonally in the way specified in the 
following table: 

Model D1-D5 
/ (-ft I c 4 m - 

II 7| m - If 

in (-)^ if 

Table 2.2: D1/D5 systems: Z 2 actions entering in (3.11) 



We denote by (— ) Fl the total left moving fermionic number, I%- m - the reflection 
of the fields corresponding to the first T 4 factor in (3.11) and by If the diagonal 
Z 2 reflecting bosonic and fermionic fields in the symmetric product. 

Let us finally observe that, both in models I and III the T 4 components of the 
NS-NS B-field, as well as the T 4 components of the R-R 4-form and the axion, 
are projected out from the massless spectrum, due to the ^-projection. But in 
the T 4 case the self-dual part of the above B-field and a combination of four-form 
and axion are the moduli that, when switched on, render the D1/D5 system a 
bound state below threshold. They in turn correspond, in the effective gauge 
theory to Fayet-Iliopoulos D-terms and theta-term for the U(l) gauge field. The 
effective gauge theories derived in sub-section 3.1 agree with the spectrum above, 
in the sense that in models I and III, due to the Q action on Chan-Paton factors, 
there is no room for Fayet-Iliopoulos D-terms in the potential for hypermultiplets 
and/or theta-term for the U(l) gauge field, (the U(l) generators are traceless). 
On the other hand, in model II the D1/D5 gauge theory agrees with the fact that 
the above moduli are actually there. 



3.2 Longitudinal Shift 

We now consider the shift along the common world volume direction X\. The 
general discussion in this case is very similar to the transverse shift case. If $ 
denotes the set of world volume fields in the type IIB theory, and g the induced 
Z 2 actions, then the worldvolume fields satisfy the condition: 

<S>(X 1 + 7iR 1 ,X )=g<S>(X 1 ,X ) (3.12) 

Taking the interval of Xi to be ttRi, what this condition says is that the fields on 
which g acts as —1 are anti-periodic along the X\ direction and the ones on which 
the g action is +1 are periodic. This means that the CFTs are again given by 
(3.8), (3.11) with Z 2 actions specified by tables 2.1 and 2.2, but with the twists 
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now oriented in the a-direction, i.e. the Z 2 twisted sectors of (3.8), (3.11). Notice 
that, in contrast with the transverse case, this represents still a two-charge system. 

Another way to see that the above proposal must be correct, is to start from the 
effective field theories in the transverse case and consider the threshold corrections 
due to the single (i.e. minimal unit) D5- or Dl-instanton, obtained by wrapping 
the time directions of these systems on the X 6 circle by a length ttRq (i.e. half 
winding). The resulting amplitude is just the one loop amplitude in the orbifold 
sector given by the insertion of the operator g. This is because in the path-integral 
formulation, it is in this sector that there is a half winding, corresponding to the 
shift along the time direction. On the other hand, by a modular transformation, we 
can exchange t and a, and the resulting path integral should be interpreted as that 
of the field theory living in the single D5-aligned along directions 23456 or a single 
Dl-brane along direction 6, with longitudinal shift along X 6 . This field theory is 
just the twisted sector (g twist along a direction) of the Z 2 orbifold of R 4 x T 4 . 
Putting N copies of these together should, in the Coulomb branch, reproduce the 
conjecture of the previous paragraph. In the case of the D1/D5 system the same 
argument applies in a more straightforward way since there is only a single copy 
of the center of mass R 4 . We conclude then that in the longitudinal shift case 
the CFT descriptions are given again in terms of (3.8), (3.11) but now are the 
Z 2 -twisted sectors which are relevant to our discussion. 

There is however an apparent puzzle we would like to discuss here. Consider Dl- 
brane in model I. Q,o p projects the U(N) group to SO(N) so that SO(N) gauge 
fields are periodic while the remaining ones, that are in the symmetric tensor 
representation of SO(N), are anti-periodic. Now let us put D5-branes. The 
Gimon-Polchinski consistency condition [26] would at first sight imply that the 
^-projection on D5-brane Chan-Paton factors should be chosen to be symplectic. 
This would mean a doubling phenomenon, i.e. one would need an even number 
of type IIB D5-branes. If this would be the case, then the whole towers of states 
with odd windings at step H would be missing in the dual description. 

There are various ways of seeing the Gimon-Polchinski consistency condition. One 
of them involves a consideration of the Dirac charge quantization condition. This 
was one way to see that, in the usual type I theory, if there is a single D-string, 
then D5-branes should be paired (with respect to type IIB counting) because of 
the fact that in the 1-5 sector there is a factor of 1/2 due to the f2 projection. 
Indeed, this additional factor rescales the Dl, D5 charges by l/y/2 with respect to 
their type IIB cousins, and the Dirac quantization condition Q e Q m = 27r requires 
therefore the claimed pairing of D5-branes. Now let us discuss our case. Consider 
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the D5-brane to be longitudinal to the direction Xi along which the shift acts. 
Then the Poincare' dual B-field, which enters in Dirac quantization condition, 
would refer to the D-string which is transverse to X\. But in this case we have 
actually 2 D-strings (one sitting at say X\ and the other at X\ + 7ri?i). So 
quantization condition is satisfied just with one D5-brane wrapped on the circle 
with circumference 2nR\. Similarly, if one takes the D-string longitudinal to X±, 
then its Poincare' dual involves a D5-brane that is transverse to X±, in which case 
again we have 2 D5-branes, showing that it suffices to have just one D-string. 

The other way to see the appearance of this condition is to consider the action 
of Q 2 on the open string states. In the usual Type I theory, Gimon-Polchinski 
showed [26] that on the 1-5 open strings Q 2 picks up an extra minus sign, due to the 
fact that these states involve a twist field along the four directions longitudinal 
to D5-brane and transverse to the Dl-brane. Including the action of on the 
Chan-Paton indices we have 

& : >- -(7*7 _1 )a/j|/3^ > (tV -1 )^ (3-13) 

where a, f3 and //, v are the Chan-Paton indices on Dl- and D5-branes respectively 
and 7 and 7' are f2 actions on the Dl- and D5-brane Chan-Paton indices. Due to 
the extra minus sign above, one concludes that if 7 is symmetric then 7' must be 
anti-symmetric and vice versa. So, if one system is projected onto the Orthogonal 
Group then the other must be projected onto the Symplectic Group. 

In our case however fl is accompanied by the shift o\. Thus g\ = Q 2 af and we can 
take both systems to have Orthogonal projections provided a\ = — 1 on the 1-5 
string states. This means that 1-5 string states will carry half-integer momenta 
along the X\ circle. Since 1-5 states are bi-fundamentals this can be thought of 
as turning on of a Z 2 Wilson line in one of the systems along the circle. 

In Appendix A we construct the open string theory living on D1/D5 system in 
the presence of a longitudinal shift. We follow the open string descendant tech- 
niques developed in [27] . The consistency condition translates in this formalism in 
the requirement that Klein bottle, Annulus and Moebius amplitudes in the trans- 
verse channel admit a sensible interpretation as closed string exchanges between 
boundaries (D-branes) and crosscaps (orientifold planes). Once again, one finds 
that the Orthogonal assignements for both Dl and D5 Chan-Paton indices are 
allowed provided that 1-5 string states carry half-integer momenta along the X\ 
circle. This is the same condition that we found in the previous paragraph. 

This result might seem a little surprising, since the D1/D5 system can be thought 
of as Y-M instantons in the D5-brane world volume. It is known that in the context 
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of the ADHM construction, SO(N) instantons have Sp(k) symmetry where k is 
the instanton number, and vice versa. This is indeed the result for the standard Q 
projection. In our case however Q is accompanied by a shift. What this means is 
that we are looking for U(N) instantons in the 4 directions spanned by X 2 , ■ ■■■X 5 , 
and the moduli of the instantons are slowly varying functions of X 1 in such a way 
that 

A^X, + Trfli) = -g^A^X^g n = 2, 3, 4, 5 (3.14) 

where g G U(N) is a slowly varying function of X x . The periodicity condition (up 
to a possible Wilson line h G U(N)) as X 1 — > X 1 + 27lRi implies 

<7*-<7 = /i (3.15) 

For orthogonal and symplectic projections h = +1 and h = —1 respectively and in 
these two cases we can take g to be +1 and the symplectic matrix J respectively. 
In the latter case of course N must be even. 

Let us now see how this condition is translated on the ADHM data (here we will 
take the 4-dimensional space where the instanton is sitting to be i? 4 since the 
discussion of the doubling phenomenon should not depend on whether the space 
is T 4 or R 4 ). The ADHM data consists of a (N + 2k) x 2k matrix A defined as 

&\,ia = + bx,i X <*c* ( 3 - 16 ) 

where x adL = x^cr^a anc ^ ^ e indices A = u + j/3 with u running over indices and 
i,j run over k indices. A satisfies the quadratic constraint 

A&A^ = *W (3.17) 

where / is a k x k hermitian matrix. 

The self-dual gauge fields are then given by 

A, = UdfjU (3.18) 

where U is an (N + 2k) x N matrix which satisfies the equations 

UU = 1, AU — UA — (3.19) 

From the above it follows that the projection operator UU = 1 — A/A. 
The symmetries of these equations are 

U^B-U-g, A^B- A-(Cx l 2x2 ), (3.20) 
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where g is a local U (N) transformation while B and C are independent of and 
are in U(N + 2k) and GL(k) respectively. Using this freedom in defining the data, 
we can set b" { = and b { jj 3i = 5ij5p. Then the instanton moduli are contained in 
the matrix a which, as follows from eq.(3.17), satisfies the constraint that is in 
the adjoint representation of U(k), where a M is defined via ajpja = tfi&pa- There 
are also the 3k 2 D-term constraints that are quadratic in a, that follows from 
(3.17), but they will not concern us here. With this canonical choice for A, the 
global symmetry group U(N + 2k) x GL(k) reduces to U{N) x U(k). Explicitly, 
this corresponds to taking C in eq. (3.20) to be in U(k) and 

f C 1 X 1 2X 2 l 

with D G U(N). Note that the moduli afj transforming in the adjoint repre- 
sentation of U(k) are part of the 1-1 string states that define the position of the 
Dl-brane inside the D5-brane, while a u ^ = w u ^ are the 1-5 string states that are 
bi-fundamentals of U(N) and U(k). The spinorial index a just refers to the fact 
that the bosonic 1-5 string states are spinors of the SO (4) acting on X 2 , ...X 5 . 

However at this point we still have two U (N) actions: the local U (N) action on U 
on the right and the global U (N) action on the left. The instanton gauge field A^, 
which lives on the D5-brane sees only the local action, while the ADHM data w see 
only the global action. In order to relate this system to the Dl /D5 system, we must 
identify these two U (N) actions. The basic point is to choose a particular gauge 
for the instanton solution that fixes the local U(N) symmetry. We will choose the 
singular gauge [28] which is described as follows. Writing U as an N x N block 
V and 2k x N block U', the condition UU = 1 - A/A implies VV = 1 - wfw. 
Given a solution for V, V ■ g will also solve this equation, for g being a local 
U(N) transformation. Choosing the singular gauge amounts to taking V to be 
one of the 2 N matrix square roots of the right-hand side (1 — wfw) 1 / 2 . With this 
choice, it is clear that a transformation w — > Dw implies V — > DVD^ 1 and the 
two [/(iV)'s are identified. 

Let us now return to the Z 2 projection condition (3.14). With the two U(N) 
actions identified, this condition on the ADHM data becomes: 

iu(Xi + 7ri2i) = gw*(X 1 )(C x <7 2 ) 

a^ + nR,) = C-^XJC (3.22) 

where C G U(k). Here we have used the fact that x = a 2 x*a2- Repeating this 
equation twice we find: 

w{X l + 27^) = -(g ■ g*)w(X 1 )(C*C), a^X, + 2^) = (0*0)^ a ^(0*0). 
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As stated earlier, orthogonal and symplectic projections of U(N) correspond to 
g = 1 and g = J respectively. Similarly, the orthogonal and symplectic projections 
of U (k) are given by choosing C — 1 and C = J respectively. The above equations 
show that if both the groups are projected to Orthogonal or Symplectic Groups, 
then w, which represents 1-5 string states, are anti-periodic as X 1 — > X 1 + 2ttRi, 
while if they are projected in the opposite ways the w are periodic. This is exactly 
the condition we found using Gimon-Polchinski consistency condition. 

It is instructive to consider k — 1, since in this case we can explicitely solve the 
ADHM constraints. The result is [28]: 

where p is the scale of the instanton. One can then solve for U in the singular 
gauge satisfying equation (3.19) and obtain the gauge field as: 



\ = G\ I Ju { 2) )G ' (3.24) 



where A^ u ^ is the standard SU(2) single instanton gauge field in the singular 
gauge with scale p and position a M : 

The moduli of the instantons are the position a M , the scale p and the gauge 
orientations contained in G. These moduli are now slowly varying functions of X\ 
in such a way that the Z 2 projection condition (3.14) is satisfied. It is easy to see 
that this condition implies that 

^(Xx + vri?!) = a"(Xi), p{X 1 + irR 1 )=p(X 1 ), 
GiXi+irR!) = gG*(X 1 ) ( r 2 (3.26) 

Repeating this twice and using eq. (3.23), we find the condition w{X\ + 2irR-i) = 
—(gg*)w(X 1 ). Taking the orthogonal projection for U(N), namely h — 1, we 
recognize from above that the ADHM data w, which represents the 1-5 string 
states are anti-periodic as X 1 — > X± + 2nRi. Note that the above equations also 
show that the Z 2 projection acts trivially on the instanton position and scale 
p as expected. 

The above result has also been obtained in [29], where the possibility to have 
orthogonal projections on p and p + 4 branes simultaneouly has been observed. 
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Indeed by making T-duality along the common world volume direction, we end 
up with IIA on S 1 modded by Q times the reflection on S 1 . The orientifold planes 
at the two fixed points come with opposite sign 0$ and 0%. The D4-branes and 
DO-branes come with symplectic and orthogonal projections respectively at 0% 
and vice versa at 0%. Thus taking D4-branes at one fixed point and DO-branes 
at other fixed point we can obtain orthogonal groups in both the systems. The 
fact that in order for this to happen, the D4-brane and DO-brane systems must 
sit at the two different fixed points implies that in the T-dual description there is 
a relative Z 2 Wilson line between the D5-branes and Dl-branes which makes the 
bifundamental fields anti-periodic. 

4 Partition functions and symmetric product spaces 

In this section we derive a general formula for the character valued string parti- 
tion function of a symmetric product CFT, involving fields carrying non-trivial 
boundary conditions. More precisely, we will consider the orbifold CFT defined 
as the symmetric product S N H = H N /S N , with H describing the Hilbert space of 
closed string excitations, with periodic or antiperiodic boundary conditions along 
a and r directions of the worldsheet torus, which we will denote by (<Ti,o" 2 ). We 
label the boundary conditions by the characteristics [^] , with g^, h$ taking values 
{fiV>, = 0, |}, describing the holonomies of a given field <3> around the two cycles: 

$((7! + 1, a 2 ) = e 2 ^$(a 1 , a 2 ) ^(a u a 2 + 1) = e 2m ^$(a 1 , a 2 ) (4.1) 

Our results generalize the familiar symmetric product formula [31] to the case 
where some of the fields carry boundary conditions different from the periodic 
ones (g<p = = in our notation) and can be associated to sectors of a diagonal 
Z 2 orbifold action on the more familiar symmetric product spaces. As we have 
seen in the previous section, such CFTs naturally arise in the study of D-brane 
bound state physics for type IIB orbifolds/orientifolds involving ^-shifts in the 
winding-momentum modes. 

The derivation of the partition function follows, with slight modifications, the 
procedure of [31] (see also [22]). We start by specifying the character valued 
string partition function for single copy of the Hilbert space 7i 

(H\q,q,y) = T THq Lo-c/24-L -c/24 y 4~Ji 

(A,A,£,I)q A q A y e y £ (4.2) 





24 



with the sum running over A, A, £, I. The supertrace runs over string states in 
the Hilbert space 7i and boundary conditions for the various sigma model fields 
are compactly denoted by = e 27nr describes the genus-one worldsheet mod- 

ulus, L , L are the Virasoro generators. Jq, Jq are the Cartan generators of a 
SU(2) L x SU(2) R current algebra, present in all our models, to which y and y 
couple respectively. 

Our next task is to evaluate the supertrace (4.2) for a Hilbert space constructed by 
considering N copies of the Hilbert space H modded out by the permutation group 
S N . This can be done following the standard non-abelian orbifold techniques 
developed in [30]. The string partition function is written as the double sum 

gh=hg °^ [g\ 

over orbifold twisted sectors labeled by the conjugacy classes [g] of the permutation 
group S N 

n n 

^ = 11^ with Y. LNl = n > ( 4 - 4 ) 

L=l L=l 

and over the conjugacy classes [h] of the centralizer 

n 

C 9 = T[ <V x (4.5) 

L=l 

The integer C 9i h is the order of the centralizer of h in Cy. In writing (4.3) we have 
used the fact that traces of elements in the same conjugacy class [h] lead to the 
same result. We will write elements in [h] as 

n til n 

m = n n ( M ) r " f ^n^^ ^ e m ^ = n l . 

L=l M=l L=l M=l 

with t an element in Zi, Nl for a given choice of Nls. 

Orbifold group sectors are then parametrized by the integers {Nl} (partitions of 
N), {r^-} (partitions of N L ) and {t} (elements of Z^ L ). In particular the number 
of such [h] 's is given by 

C 9 ,h = II I&M^rfr (4.7) 

L,M 

We can label the copies of the field in Sn'H by the quintuple of integers 
(L, I, M, m, i) running over the domains L = 1, . . . , n, I = 0, 1, . . . , L — 1 M = 
1, . . . , til, m = 0, 1, . . . , M — 1 and i = 1, . . . , respectively. Writing ele- 
ments as t = (L) Sm;i the boundary conditions for a field ^J 71 '* (dependence in L, M 
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are implicitly understood) along the worldsheet torus cycles can be written as 



*H(7i,(7 2 + l) 



2-irih<t, Qm+l;i 



>1,<T2) 



(4.8) 



After iterating (4.8) one is left with the doubly periodic functions 

^ ;i ((Ti + L,<T 2 ) = e^^K^) 
(tn + s^ + M) = e 2w *('W +Afh *)$| nii (<T 1 , < T 2 ) 



(4.9) 



with Si = $^m=o s m-,i (mod L). The contribution to the orbifold string partition 
function of a given sector specified by {N L ,r M , s m;i } can therefore be written in 
terms of the result for a single copy in a torus with the induced complex structure 
f = + jr and spin characteristics (4.9), i.e. 



' M 



(M) r Mt □ : TT Z 

(l) Nl 11 



1=1 



gsi + M/i 



(4.10) 



J2m- 



with gj = e""" 1 = q l e""° l 

Plugging this basic trace result into the sum over orbifold sectors specified by 
(4.4), (4.6), we are left with 



Z 



(S N M\q, q,y,y) 



y rr — - 

{N L },{r M },{sf} L ^ 



z 



gL 

gsf + Mh 



e n 



i 



M r M T L J. 



{N L },{r L M } L > M ^ ' M ' 



' MJ 

L-l 



X 



s=0 



gL 

gs + Mh 



L 
' M 



MA MA 



(A, A, e, t) q^ q^ e 2m *(A-A) y Mt -Ml 



(4.11) 



with C[j[](A, A, £, £) the expansion coefficients (4.2) defined for a single copy of 

n. 

Before proceeding further, it is worth to make a comment about the BPS content 
of this formula. We have seen in the previous section that the CFTs describing 
excitations of the D-brane bound state involve fermionic zero modes. The trace 
over these modes leads to the vanishing of the quantity inside the bracket in (4.11) 
for y = y = 1, corresponding to the fact that bound state excitations organize 
themselves into supermultiplets of the unbroken supersymmetry. Sectors with 
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M 



1 correspond then to states in ultra-short BPS supermultiplets and the 



counting formula for these states simplifies to [22]: 



'BPS 



(S N M\q, q,y,y) 



- y c 



s,L,M 



gL 

gs + Mh 



(A, A, e, 1) e 27ri r(A-A) y Mi ~Mi (412) 



with N = LM, s = 0, 1, . . . , L — 1. In some of our considerations in the following 
section, the restriction of the general formula presented below to this sector will 
be relevant. 

Coming back to the general expression (4.11) one can now perform the sum over 
s. It is easy to see (see the appendix A for similar projection-sum manipulations) 
that this leads effectively to a projection onto states satisfying the "level matching 
condition" 

(A - A) 



eZ + 5. 



(4.13) 



with 5 = 0,1/2 depending on the different orbifold group sectors and bound- 
ary conditions. Introducing, as in [31], a generating function for the symmetric 
product formulae (4.11) 



Z 



(p,Q,Q,y,y) = y,p Nz 



N>0 



{S N H\q,q,y,y) 



(4.14) 



with p N = p LMr M, one can write the final result in the compact form: 



(p, q, ?, v, y) = " P L ^^y e y l r c+{9LKAM 

8=0 

8=g 



(4.15) 



The products run over all possible L, A, A, £, i satisfying the level matching con- 
dition (4.13) with 5 explicitly indicated in (4.15). The coefficients C± {g} are 
defined by 

~9~ 



C±{g} 



C 







±c 



(4.16) 



and count the number of states in the ^-twisted sector of the starting (the single 
copy) CFT with ± eigenvalues under the Z 2 orbifold group action. The choice 
g = h = corresponds to the case studied in [31] where all fields are periodic in 
both a and r directions and the sum over s results in a projector onto (4.13) with 
5 = 0. 
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Specifying to ground states in the right moving sector of the symmetric product 
CFT, the formula (4.15) reduces to 

roi 



Z 



Z 



z 



L,k 



(p,Q,y,y) 
(p,Q,y,y) 



- AWT c+{0} (i +P L q k y e y i r c - {0} (4.17) 



L,k 



p 2L q k y e y l r C+{0} (l ~ p 2L - l qVy l r C+{ ^ 



(p,q,y,y) 



no- 

L,k 

X (l _ p 2L q k-± y e~iyC-{0}( 1 _ p 2L-l q k-± y l~lyC-{\} 

- P 2L q k y e y e )- c +W(i - P 2i -y y y)- c +^} 



X 



i + p 2 y~ W)~ c - {0} (i + P 2L -y- W)~ c - { * } 



where the arguments of the expansion coefficients C±{g}(nm, £, £), with ra and m 
being the powers of p and g respectively have been omitted. The net effect of a 
non-trivial holonomy (g, h) ^ (0, 0) is then to correlate the parity of excitations in 
the CFT under the Z 2 orbifold group action to the parity of the permutation group 
orbifold sector and the level of the SCFT specified by L and k = ^ respectively 6 . 

Note that the marginal deformations of the CFTs are given by the ground states in 
the above partition functions which appear as p n (yy) l ~ n as one can see by spectral 
flow from the Ramond to the Neveu-Schwarz sector. One can then verify that for 
model I and the partition functions above include the marginal deformations 
corresponding to the T 4 (they appear in the untwisted sector of Sn) but they do 
not include the blowing up modes which arise in the twisted sector of Sn- This is 
in agreement with the discussion at the end of section 3.1. 



5 D1/D5 bound states versus fundamental strings 

In this section we evaluate the partition functions (or elliptic genera) encoding 
multiplicities and charges of D1/D5 two-charge bound state systems and compare 
them with the expected results from a U-dual description, in terms of winding- 
momentum modes of fundamental strings. We are assuming that the effective 
gauge theories, describing the low energy D1/D5 dynamics, flow to one of the 
orbifold symmetric product CFTs (3.8), (3.11) with the Z 2 actions specified in 
the tables 2.1 and 2.2. 

6 Partition functions somewhat similar to (4.17) appear in [32], where however the symmetric 
product orbifold includes discrete torsion 
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There is an important difference between the symmetric product CFTs (3.8) and 
(3.11). In the former case, associated to stacks of pure Dl(D5)-branes bound 
to KK momentum modes, the position in R 4 is described by the center of mass 
of N copies of R 4 in the symmetric product CFT. This leads to a subtlety in 
the counting of BPS excitations, since not all states contributing to the elliptic 
genus correspond to normalizable ground states of the gauge theory [21]. A care- 
ful analysis [21] reveals that among all the states with the right supersymmetry 
structure to reconstruct a short supermultiplet (rj^ = 1) in (4.12) only those 
coming from the long string sector [g] = (N) represent truly one-particle states. 
BPS charges and multiplicities can therefore be read off from the formula (4.12) 
specifying M — l,L = N, the so called "long string" sector. This is not the case 
for the symmetric products associated to D1/D5 bound states (3.11), where all 
intermediate strings are needed in (4.17) in order to reproduce the fundamental 
string degeneracies. The position of the bound state is, in this case, specified by a 
single coordinate in the non compact transverse R 4 (strictly speaking in our case 
R 4 is replaced by R 3 x S 1 ). 



5.1 Fundamental string partition functions 

Before proceeding with the study of the spectrum of D-brane bound states, let 
us evaluate the partition function for the fundamental sides of the duality chain. 
Two-charge D-brane bound state will be systematically mapped to a fundamen- 
tal strings carrying both momentum {p-y) and winding charges (i*i), with no ex- 
tra charges turned on in one of the three type IIB orbifolds corresponding to 
(—) FL I 4: a Pa , (—) FL <J Pa and ha Pa . We will refer to these theories as If, I If and 
1 1 If respectively. a Pa represents a Z 2 -shift in the momentum mode along direction 
a, with a = 1, 6 in the case of a longitudinal and transverse shift respectively. 

The fundamental string partition functions for the BPS states is defined by the 
supertrace (4.2), restricted to the right-moving ground states. After performing 
the spin structure sums, these can be written as 



y 2 -#l(y) 



~2 #1(S/)t, 

y+ ^ (0 ) 



2 ^(yy)^i(yy- 1 




Zn F (q,y,y) 



1 



i6^r„ 

« ' 

yly 2 - 



r rF m v 

+ 16-^Ti ! 



*§(0) 



2 ^(yy^^yy- 1 )^ 



r 4 , 4 viWim 




(5.1) 
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+^(y)^(y)r M _ 

i y 2 -$l(y) 



1.1 



1,1 



(5.2) 



1 4,4y_ — — i 1,1 



?7 U 



~2 ^(S/)t, 



tf|(0) 



+ i 6 SM ril 



+ i 6 SM ril 



rin 

2 
1 

2 



(5.3) 



with y± = ±y 2 and similarly for r 4 4 is the T 4 winding-momentum lattice 
sum and 



(Pa,w a )e(z,z+ ff ) 



^_y P ahq(p a /R+W a R) 2 -(pa/R-W a R) 2 



(5.4) 



is the shifted lattice parallel to a Pa . The hat in the ^-functions in the denominators 
denotes the omission of their zero mode parts, i.e. i?i = rf, $2 = \&i and ^ 3i4 = 
■#3,4. The completely untwisted sector, common to all three models, corresponds 
to the partition function of type IIB on T 5 . In the case of a transverse shift, an 
extra Ti i [°] lattice sum, common to all orbifold group sectors, should be included. 

Multiplicities for fundamental string states, carrying k units of momenta and N 
units of winding, can be read off from (5.1)-(5.3), once the level matching condition 

(N R = c fl ), 

kN = N L -c L , (5.5) 

is imposed. Here Nl, Nr are the left- and right-moving oscillator levels and cl, cr 
the zero point energies. 

The fourth fundamental theory that will be relevant to our next discussion is the 
toroidal heterotic string with gauge group 5*0(32) completely broken by Wilson 
lines. A possible choice of Wilson lines (in a fermionic representation) can be 
written as 



M : U+) 16 >H 16 ] 

M : [(+) 8 ,H 8 ,(+) 8 ,H 8 ] 



[(+),(-),(+),(-),....(+),(-) 



(5.6) 



Alternatively, one can represent this model as a Z\ orbifold of heterotic string on 
T 5 , where the Z2 generators act simultaneously as a shift in one of the five circles 
and on the 5*0(32) lattice, in the way specified by (5.6). The fundamental string 
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partition function can then be written as 



Ziv(q,y,y) = TyT 



i y 2 -y 2 - 



25 MyftMyy- 1 )^ 
o 



-(^ 6 + ^ 6 + <)r 5 , 5 



+«r 5i5 



+ « r 5l5 



(5.7) 



where the sum over e« = 0, | with i = 1, . . . , 5 is always implicitly understood. We 
denote by r 5i5 [^] the lattice built from five copies of (5.4), with twists specified by 
<7i, /ij. Notice that among all the Z\ orbifold group elements only the e^-projection 
(for a fixed leads to a non-trivial result in the ej-twisted sector. 



5.2 D1(D5)-KK momenta bound states 

In this subsection we compare the CFT results (in the long string sector) for 
multiplicities of BPS states, i.e. A = 0, in the pure D1(D5)-KK bound state 
systems, to the ones coming from the fundamental string partition functions (5.1)- 
(5.3) in the dual theories. The partition function will be evaluated using the CFT 
proposals (3.8) with Zi given in table 2.1. As explained before, only the long 
string sector, M — 1,L — N in (4.12) is relevant to the counting of one-particle 
states. The results generalize a similar analysis in [22]. 

In the transverse shift case, the CFT description of a pure Dl-KK or D5-KK 
systems is associated to the untwisted sector of Z2 orbifolds of (R 3 x S* 1 xT 4 ) N / Sn- 
Specializing to the long string sector in (4.12), with g — 0, h — |, one is left with 

°J)= Z ^C + {0}(kN,£,£)q k y e y i (5.8) 

where C±{g}(kN, £, £) are the expansion coefficients of the partition function 
evaluated for a single copy iV = 1 in (3.8). We have performed the sum over 
s = 0, 1 . . . ,N — 1, that projects the sum onto states satisfying the level matching 
condition k = G Z. Charges and multiplicites for a bound state of N Dl- or D5- 
branes carrying k units of KK momentum pi are then described in each theory by 
the corresponding expansion coefficients C + {Q}(kN, £, £). Recalling from our dis- 
cussion in section 2, that the N — 1 CFTs, and therefore their C + {0} coefficients 
in table 2.1, coincide in each of the cases with their fundamental descriptions, 
we conclude that the D1(D5)-KK multiplicities we obtain from the above CFTs 
agree with those of untwisted states (even windings) with even momenta, in the 
corresponding fundamental theory (5.1)-(5.3), once the level matching condition 
(5.5) is imposed. This is precisely what one would expect from the duality map, 



2 ( ^lon.; 








long 
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since the image of the D1(D5)-KK bound state (pq = F 6 = 0) carries no windings 
and no momenta along the shift. 

A similar result can be found in the longitudinal shift case a pi . Now the long 
string sector in (4.12), with g — |, h — leads to 



^long 



E C +{fH^^W+ E C_{^}(kN,£,£) q k y e y e (5.9) 



This is again in complete agreement with (5.1)-(5.3). Even(odd) fundamental 
winding states are mapped to bound states involving an even(odd) number N of 
D-branes and multiplicities are described by C± according to whether the level k 
(momentum on the fundamental side) is integer or half-integer. 



5.3 D1/D5 bound states 

In this subsection we consider D1/D5 bound state systems. In order to compare 
multiplicities of the bound states with those of fundamental strings (pure Fi —pi), 
one should restrict the attention to ground states A = A = in both left- and 
right-moving sides of the CFT. Once again, the transverse shift results can be 
expressed as Z 2 orbifolds: 



Z(p,y,y) = E Zcm 



(0, y, y) Z, 



sym 



(p, y, y) 



(5.10) 



of the type IIB result 



(P,y,y) z < 



sym 



(p,Q,y,y) = y 2 -y 2 



n(y\p)n(y\p) 



tfi(yyb)tfi(yy -1 b)?7 6 (p) 



(5.11) 



associated to the symmetric product space R 3 xS 1 x T 4 x (T 4 ) N / Sn- We denote by 
Z cm (q, y, y) the contribution coming from the center of mass, while Z sym (p, q, y, y) 
will be associated to the symmetric product of the T 4 tori. Using the data for the 
single copy the CFT T 4 /g with g specified in table 2.2: 

(-) Fl ■■ E <7±{°}(°» °» ^ l ) y e y e = \ (y- y- ± y- A) 



JSP . 

1 4 ■ 



(-)^/f : 



E ^f{0}(0, 0, 1, 1) / y l = \ (f_ y! ± f + y\) 



Li 



E ^{0}(0, 0, £, £) / f = L - (f_ yl ± y\ yl) (5.12) 
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into the symmetric product formulae (4.17), we are left with the partition func- 
tions 



Zu 
Zui 











ip, y, y) ~- 
ip, y, y) 



l 



2 ~2 

y-y+ 
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2 



.2 ~2 
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$i{yy\p)$i{yy~ 


i|p) ^l(ob) 


$l{y\p) 


#l(yb) 


$i{yy\p)$i{yy- 


?7 6 (p) 


2 #i(j/b) 


^l(yb) 



^i(2/2/b)^i(2/y _1 b) ^l(ob) 



(5.13) 



where the contributions of the center of mass Z^ m (y,y) = Z^(y,y) = 

Zim(y,y) = y 2 -y\y 2 -y\ in the three cases, has been included. 

Together with (5.11) the results (5.13) for D1/D5 bound state degeneracies repro- 
duce the multiplicities (5.1)-(5.3) for untwisted fundamental strings with p 6 = 0, 
as required by the U-duality chain of table 1.2. 

Finally, let us compute the D1/D5 bound state spectrum on T 4 x S 1 / 'h<7 Pl with 
a pi a longitudinal shift. The relevant CFT data are now given in terms of the 
expansion coefficients for T 4 / J| p : 



J2cL v {Q}(0AiJ)y e y l 



1 f ~2 2 _i_ ~2 2 \ 

= ^(y-y-±y + y+) 



16 



£^}(o,o,^w 

e,e 

^C^}(0,0,aW = 

e,e 

and Z cm = lQy^y^L. Plugging in (4.17) we are left with 



ip, y, y) 



iQy-y- 
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My&Myy-^v 2 ^(°) 

' *!(o)*!(o) 



2 ~2 

^ y - y - Mymiyy-'W 8 



(5.14) 



(5.15) 



This is in complete agreement with the fundamental heterotic string degeneracies 
(5.7), coming from the twisted sector, once the level matching condition (5.5) is 
imposed. Notice that the expansion of (5.15) reproduces both signs in (5.7), p\ 
even or odd, according to whether we expand to integer or half-integer powers 
in p. That only states in the twisted sector (odd windings) are relevant to the 
comparison is due to the fact that the CFT proposals are valid only for a single 
fivebrane, which is mapped in the fundamental side to a single unit of winding 
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mode. One can however test multiplicities in the untwisted sector (with p 1 — 1) 
by going after four T-dualities to step B, where the role of the Dl and D5 are 
exchanged inside model II. The CFT description of those D1/D5 states are, 
of course, the same as before and multiplicities are again given by (5.15). The 
fundamental string multiplicities on the other hand lead to apparently two very 
different results, depending on whether we consider states with F\ odd (twisted 
sector) or even (untwisted sector). In the former case one finds again (5.15) in 
agreement with the duality predictions. The multiplicities for even Fi are, on the 
other hand, given by 



2 „~,2 



l yiy. 



25 MviDMyy- 1 ^ 



(5.16) 



The discrepancy is only apparent, since expression (5.16) coincides with (5.15) 
after simple manipulations of ^-identities. The fact that the heterotic dual model 
treats on the same footing winding and momentum modes, as required by the U- 
duality chain, can be taken as a further support for the consistency of the whole 
picture. 

One can try to apply a similar analysis to the D1/D5 systems in models / and /// 
with a longitudinal shift, but one immediately runs into problems. The ground 
states of the natural CFT proposals in table 2.2 are in these cases either tachyonic 
or massive and a naive application of the elliptic genus formula leads to mean- 
ingless results. A proper description of these (4,0) D1/D5 systems remains an 
interesting open problem. 



5.4 Three-charge systems 

We will restrict the discussion of 3-charge systems to the transverse shift case, 
since, as we mentioned before, the D1/D5 CFT description of models / and III 
in the longitudinal shift case is problematic due to the presence of either tachyonic 
or massive ground states. 

To extract the multiplicities for 3-charge systems, i.e. D1/D5 system carrying k 
units of KK momentum, from our partition functions, we restrict the right-moving 
part to the ground state (A = 0) and consider excitations of the left-moving part 
(which is non-supersymmetric in models / and III) to level k. The resulting 
partition functions are of the form: 



Z(p,q,y,y) = Zc 



(q, y, y) z ; 



sym 



(p,q,y,y) 



(5.17) 
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Notice that the q° term in Z corresponds to the partition function of the funda- 
mental sides for the D1/D5 systems and is given in (5.13) for the three theories. 
Denoting this latter by Zp(p), it is convenient to rewrite Z in (5.17) as: 



Z(p,q,y,y) 



(p,y,y)z, 



sym 



ip,Q,y,y) (5.18) 



z cm h (q,y,y)Z F 

h=0± 

where, as before, the "hat" denotes omission of zero modes. 

We have already seen in section 2 that U-duality gives certain relations for the 
multiplicities of the 3 charge systems. From table 1.2, by comparing columns F 
and G, we see that models / and III get exchanged together with Dl and D5 
charges. The CFTs we have proposed trivially satisfy this symmetry for Q 5 = 
1, since in this case N = 1 in (3.11) and therefore both CFTs are given by 
(R 3 x S 1 x T 4 x T 4 /J 4 )/(-)^. 

A less trivial relation comes from the comparison between columns C and F: 
in this case the 3-charge system (Dl, D5, KK) of model 77 is mapped to (KK, 
D5, Dl) in model III. This means that the full elliptic genera corresponding to 
models II and /// must get exchanged if we exchange q with p. Since: 
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(5.19) 
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the symmetry under the (p, q) exchange implies then that Z sym [°] (p, q, y, y) of 
model II and /// should get exchanged. Notice that we are comparing a (4, 4) 
theory (model II) with a (4,0) theory (model III). Although in the previous 
discussions we have set A = while keeping y, y arbitrary, actually the quantity 
that is expected to be invariant under deformations of the CFT (the elliptic genus) 
is obtained by setting y — 1. However, in order to soak the fermionic zero modes 
we will take two derivatives in y and then set y — 1 (the two derivatives necessarily 
act on the center of mass CFT). This results in putting the right-moving sector 
(which is supersymmetric in both cases) on the ground state. Once we set y — 1, 
the relevant expressions become (omitting indices II and III): 
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(5.20) follows from (4.17), using the identities: 
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(m, l) = Y, C+{0}(m, /, I) = - C-{0}(m, I, I) . 
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The U-duality requirement that, under (p, q) exchange Z sym [?] for models II and 

2 

77/ are exchanged, implies 



C n 







(m, I) = Cm 







(m, /) , for m > 1. 



(5.21) 
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This requirement is not satisfied by the proposed CFTs for theories II and III. 
Indeed in terms of theta functions: 



equality holds for m odd ! 

This problem affects also the seemingly well understood case of the (4, 4) CFT 
TZ A x (K3) N / Sn, describing the D1/D5 system in type IIB on K3 x S 1 . Using 
type II/heterotic duality in 6 dimensions, one can relate type IIB on K3 x S* 1 
to type IIB on S* 1 x T 4 /f2J 4 , while exchanging Dl and KK charges. Thus for 
D5 charge 1, this amounts to exchange (p,q) (at order q°) in the corresponding 
elliptic genus. Notice that in this case Z F (p) is just the bosonic oscillator part 
of the heterotic string and clearly Z sym (p, q) is symmetric under (p, q) exchange 
[31, 33, 10]. However it is also easy to see that, for instance, the coefficient at 
order q 1 of the elliptic genus does not have a well defined modular property as 
a function of p. Finally, the same problem is present in the longitudinal shift 
case for the model II that we have studied before, although Z(p, q) is not (p, q) 
symmetric in this case. 

In the above discussion we have ignored the non-trivial background of RR 0- and 
4-form fields in the symmetric product CFT. As pointed out in section 2, in the 
presence of this background the issue of p, q exchange symmetry is more subtle. 
We will make some more comments on this problem in the conclusion. 

6 One-loop effective gauge couplings 

In this section we study the (T, U) moduli dependence of one-loop threshold cor- 
rections to jF 2fc+4 gauge couplings in the low energy effective action, associated 
to the four dimensional string compactifications under consideration. (T, U) are 
the Kahler and complex structure moduli of a T 2 along directions 1,6. The aim 
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from which it follows that Cn \T\ (m, /) ^ (7 
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of this section is to extract this information for four-dimensional gauge couplings 
<p2k+4 i nvo i v i n g gome definite combinations of the eight field strengths, 



Hi = 9UG%-B%) (6.1) 

which arise from KK-reductions of the six-dimensional metric and antisymmetric 
tensor to D — 4, with i = 1,6. ± refers to (anti-)self-dual four- dimensional 
two-forms. The one-loop threshold corrections for these couplings will be then 
mapped to two-charge D-instanton contributions in the non-perturbative U-dual 
descriptions of table 1.1. Related computations in various contexts can be found 
in [35]. 

We will introduce a complex (euclidean) notation for spacetime coordinates 

z 1 = -L(x° + tx 3 ) z 2 = -^(x 1 + ix 2 ) 

X 1 = ^° + ^ 3 ) X? = ^(j, 1 + itf) (6.2) 

with barred quantities corresponding to complex conjugates. 

The moduli dependence will be extracted from the string amplitudes: 

k+2 

A 2k+ 4=(l[V(p 1 ,Z i )V(p 2 ,Z i )) (6.3) 

i=\ 

where for simplicity we choose a kynematical configuration where half of the ver- 
tices carry momentum pi and the other half p 2 . In addition all the vertices will 
be chosen with definite (anti-) self-duality properties. The computation and no- 
tations follow closely [36]. 

The vertex operators for the gauge field strengths (6.1) are given by 

V L (p, = J d 2 z ^ (dX» - ipxxn (dX* - ipxx ) e ipX 

V R (p,Z) = Jd'z^idX'-ipxxUdX^-ipxxne^ (6.4) 

Notice that each vertex carries at least one power of space-time momentum p^, 
and therefore to the order we are interested in we can keep only linear terms in 

JV- 

A representative of such couplings in each of the three models is indicated in the 
table below, where we also indicate how the various charges are mapped to each 
others: 
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lip > If > ii±f 

(-) Fl CT 6 (-Y L h(T& h<T 6 
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NS\2M5 F\ Pi 

P\ NS 12345 

(nn^nnr tnnKnnr ra 2 ra 2 wr 

The field strengths T^ R are defined in (6.1) and cr 6 is a shift of order 2 along the 
6th direction. 

The couplings in the table are special in the sense that they receive in each case 
contributions only from right moving ground states (BPS saturated states). This 
can be seen by noticing that the insertions exactly soak the number of fermionic 
zero modes in the right-moving part of the string amplitudes. This will be implicit 
in most of our discussion. 

In the model lip this corresponds to the case where the eight right moving 
fermionic zero modes (once the sums over spin structure have been performed) 
are soaked up by exactly four insertions (PrPr) 2 of right moving gauge fields. 
Similarly, in the models Ip and I Hp two right-moving insertions of (P^) 2 and 
(P^) 2 respectively are needed in order to get a non-trivial result. Vertex operators 
for self-dual components can therefore be effectively replaced by: 
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(6.5) 

where we have grouped the components P[ = dX\ P l R = dX l with % — 1, 2 into a 
two-dimensional vector and d = ^(d a , 2 — fd ai ). Similar expressions are given for 
ant i- self- dual components, replacing Z 2 ,x 2 ,X 2 by their complex conjugates. 

From the expressions for the effective vertex operators in (6.5), we see that their 
insertion in the correlator (6.3) amounts to inserting factors of Pl,r- 

Since the vertices are quadratic in the quantum fluctuations one can exponentiate 
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them into a generating function 



g,h 



(n, i) r 



d,d 



(£-v,£-w) (6.6) 



with So the free string action, q = e T (r the genus-one worldsheet modulus) and 
v±,w± are sources for the eight U(l) gauge fields. The scalar product is defined 

— * 

as usual by a b = ai&i + 02^2; while the dotted product reads a-b — a + 6_ + a_6 + . 

— * 

In the right-hand side we have introduced the notation v± = v±Pl with a similar 

— * — * 

definition for w± with Pl replaced by Pr and v by w. Vertex insertions are defined 
by v±, w±-derivatives of (6.6). 

Finally we denote as before by C[ 9 h ](n,\) with 1 = (£,£,£*,Q = (£ + ,£~,£tJ*) 
the coefficients in the expansion of the partition function which includes Wilson 
lines: 
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(6.7) 



O is the Z2 orbifold generator, y = e ntv - , y = e mv+ , and similarly y*,y* are 
obtained by replacing v± by w±. L , L are the Virasoro generators and Jq's are 
four U(l) generators to which the corresponding gauge fields couple. Therefore we 
see that (6.7) has the structure of a helicity supertrace. The four possible twists 
along the a and r directions will be denoted by [^] with g, h = 0, \. The primes 
denote the omission of the bosonic zero mode contributions which have been 
displayed explicitly in (6.6). T d:d is a T 2 ^ x ^4,4 lattice sum for the completely 
untwisted sectors in the models If, IIIf and all sectors in the model IIf, while 
reduced to a r 2j 2 lattice for all non-trivial twists in models Ip, IIIf- Since we are 
interested only in the (T, U) moduli dependence of the first torus we will always 
work in the orbits where neither momentum nor winding modes are excited in 
the r 4j 4-lattice. The effects of introducing half-shifts in lattices have been 
extensively studied in [37]. The perturbed lattice sum can be written as the sum 
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m E Z + bg, n E Z + bh, (6.9) 
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where now the entries in M are integer or half-integer depending on the wind- 
ing(momentum) shift vector a (b). Finally the lattice sum is weighted by the 77^] 
phase 

(6.10) 
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We will consider only shifts involving either a pure momentum or pure winding 
ab = 0. 

Evaluating the partition functions (6.7) in the three orbifold models described 
above one is left with (after performing the spin structure sums): 
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(6.11) 



The hat on the ^-functions in the denominators denotes as before the omission of 
their zero mode parts, i.e. i?i(i>) = -i?i(i>), = \&i{y) and $3,4 (t>) = ^3,4 (f). 

Notice the modular invariance of Q(v,w) under the SL(2,Z) transformations 
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The modular integral (6.6) can then be computed following the standard trick 
[38], that consists in trading the sum over the M e matrices in (6.8) by sums 
over SL(2, Z) representatives integrated in unfolded domains. We will concen- 
trate here on the contributions of non-degenerated orbits (det M/fl) for which 
representatives can be chosen to be: 
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(6.13) 



where m 1 G Z + b x g and n\ E Z + b\h. The integral (6.6) is then unfolded to the 
whole upper half plane. 

The modular integral (6.6) is evaluated in the Appendix A. We keep only its lead- 
ing order in the expansion around T 2 — > 00. In the dual picture, this corresponds 
to the classical contribution of the D-instanton background. Higher orders can be 
interpreted as quantum fluctuations around the instanton background as in [39], 
but the analysis of these terms is beyond the scope of this work. 
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The final result, formula (C.4) of the Appendix C, after performing the m\ and 
n 2 sums can be written as: 

I(a,b) = \nZ(a,b)Z(a,b) (6.14) 

with 

2(1,0) = ]J(i-p m ^H e hyyb c+mkmul) 

5=0 

xn(i-p mi ?Vn^!T^ Ktal ' 1) 

m i) = n( 1 -v 2m ^h i ttif^ }{M) 

5=0 

x Ha - p 2m W~yk4r- { ^ }{km ^ (6.15) 

The various quantities entering in (6.15) have the following meaning: p = e 2mT 
and q = e 2mU , y = e 7 ™ and y* = e mw are the induced sources, with v = v±U — v 2 
and w = jj^(wiU — W2) and similar definitions for y and y^. Finally Z is simply 
the complex conjugate of Z and represents the anti-instanton contributions. 

Notice that 2(1,0) and 2(0,1) in (6.15) are mapped into each other under the 
simultaneous exchange of the momentum^ )-winding(ai) shifts and k-m\ modes, 
as required by T-duality. 

This formula is rather more general than what we really need. Still, depending on 
the model, a certain number of y-derivatives should be taken and then the right 
moving source y* should be set to zero (y* = y* = 1). Notice however that already 
at this stage one can recognize in 2(0, 1) the symmetric product formula (4.17) 
for the longitudinal shift elliptic genus. This is enough to ensure, following [34, 22, 
39], the agreement between the D-instanton corrections associated to the states 
counted by (4.17), provided that the orbifold CFT describing the D1(D5)-KK 
system is constructed out of the symmetric product of iV copies of the fundamental 
theory in the twisted sector (basic unit of winding). 

Coming back to our formula, after acting in (6.15) with the appropriate number 7 
of w-derivatives (see [10] for similar manipulations) one is left with: 

2(1,0) = \Y,(-) mih C 
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7 The minimal one in order to get a non-trivial result 
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where 



Z(a,b) 
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(6.17) 
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with m = 2, n = for the model Ip, m = n = 2 for the model Hp and m = 0, n = 
2 for the model Hip. The sum run over £,£ integers, g, h — 0, |, mi G Z + &ig 
and k G Z + aigr. Finally, the coefficients (7 [^] (A, £, £) are similarly defined in 
terms of the expansion coefficients of (6.11) by 



C 
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and correspond to the expansion coefficients of the chiral supertraces appearing 
in (6.11). 



7 Conclusions and open problems 

The main goal of this paper has been the formulation of CFT descriptions of the 
moduli space of Dl/D5-brane systems in a class of models with 16 supercharges. 
These models were obtained by orbifolding/ orientifolding type IIB theory accom- 
panied by a Z 2 shift. The presence of the Z 2 shift allowed us to apply the adiabatic 
principle in order to obtain the corresponding CFTs. Our proposed CFTs involved 
symmetric products of R A and T 4 factors with additional Z 2 actions, whose precise 
form depends on the background in consideration. For backgrounds involving Q 
projection, the CFTs turn out to be (4,0). 

We have worked out elliptic genus formulae for these modified symmetric prod- 
ucts and shown that the resulting multiplicities for D1/D5 bound states were in 
agreeement with those of winding/ momentum states in U-dually related theories. 

There remain however several open problems, which we have already anticipated 
in the introduction and discussed in Section 5. 

Probably the most challenging one concerns the issue of 3-charge systems. As 
stressed above, our CFTs predict multiplicities which agree with U-duality in the 
2-charge cases, i.e. in the CFTs of D1(D5)-KK systems or pure D1/D5 bound 
states, i.e. A = A = 0. In general, problems arise when we excite momentum in 
the Dl/D5-brane system, that is we let A^O. This corresponds to exciting states 
which preserve 1/4 of the 16 bulk supercharges (in the (4, 0) case the momentum 
is excited in the right-moving, non-supersymmetric sector). As we have noted 
in section 5, U-duality in this case puts constraints which generically are not 
satisfied by the proposed CFTs. To put it even more dramatically, the predictions 
of U-duality apparently do not admit any CFT interpretation, as they clash with 
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modular invariance. Since this problem is generic to all three charge systems 
in theories with sixteen supercharges studied so far, including the D1/D5 brane 
system in type IIB theory on K3, let us summarize the assumptions involved. 

The usual type IIB theory on K3 as well as the model II studied in this paper 
are (4,4) superconformal field theories. In the K3 case there are good reasons 
to believe that the CFT is a deformation of the (4,4) symmetric product CFT 
times the center of mass CFT. Since model II is closely related to K3, it is also 
reasonable to assume a symmetric product (4,4) CFT. The elliptic genus (after 
taking 2-derivatives with respect to y and setting it to 1) is then of the form 

Z(p-q, y) = Z cm (q, y)Z sym (p, q, y) Z sym (p, q, y) = Z F (p, y)Z sym (p, q, y) (7.1) 

where the subscripts cm and sym denote center of mass and the internal theory 
(which in this case we are assuming is a symmetric product CFT) respectively 
and in the second equation we have separated out the q° term in Zp and the 
remaining terms in Z sym . An inspection of the second equation in (4.17) relevant 
for the transverse shift case, shows that Z sym is symmetric under the exchange of 
p and q. U-duality which exchanges Dl and KK modes, will exchange p and q, 
with the result that Zp now becomes the center of mass contribution Z' cm and the 
internal contribution Z' in (which we don't assume to be necessarily a symmetric 
product CFT) is the product Z cm (p,y)Z sym (q,p,y). Expanding Z\ n in powers of 
p, at each order p n the coefficient Z' n (q,y) must describe the internal (4,0) CFT of 
the system of 1 D5 and n Dl branes in the U-dual theory. In particular for n = 1 
we find 

Z[(q,y) = Z 1 (q,y) - Z 1 (0,y) + h{y) (7.2) 

where f\ is coefficient of q l in the g-expansion of Z cm (q,y) and Z\ is the elliptic 
genus for the single copy of the (4,4) internal theory. Now Z\ is a modular form 
in q and y under a suitable subgroup of SL(2, Z) acting in the usual way. Thus, 
unless fi(y) = Zi(0,y), the left hand side Z[(q,y) will not be a modular form. 
On the other hand, fi(y) cannot be equal to Zi(0, y), since at y — 1 the former 
vanishes as it describes the bound states of D1/D5 system which forms 1/4 BPS 
state, while the latter is non-zero since it describes 1/2 BPS bound state. One 
might wonder that since in the U-dual theory we have only (4,0) supersymmetry, 
the SU(2) to which y couples is broken. However, this is part of the SO{A) E which 
is the little group of the system under consideration and therefore it should have 
a well defined action on the states. If we assume that at the conformal invariant 
fixed point this global symmetry should be promoted to Kac-Moody algebra in 
the internal theory (actually we need only the U{l) y current algebra to which y 
couples), then Z[(q,y) must be a modular form. Thus we conclude that (4,4) 
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symmetric product theory, U-duality and the existence of U(l) y current algebra 
in the internal part of the U-dual (4,0) CFT cannot be satisfied simultaneously. 

One may try to argue that the problem is related to the fact that the 1/4-BPS 
states in theories with 16 supercharges generically are not stable throughout the 
whole moduli space. As a result the elliptic genus might jump. For example, it 
is believed [40] that in M = 4 Yang-Mills theory in 4 dimensions 1/4 BPS dyonic 
states do indeed decay after crossing codimension 1 regions of marginal stability in 
the moduli space. In other words, single particle BPS states become multiparticle 
states. One can see from the mass formula for 1/4-BPS states that the region of 
marginal stability in 4-dimensional string theories is of real codimension 1 while in 
5-dimensional theory it is the entire moduli space. This is indeed the case for the 
5-dimensional type F theory (which is U-dual to IIB on K3) as well as model III 
where the D1/D5 system is 1/4-BPS 8 . However the D1/D5 system in the model 
II (or IIB on K3) is 1/2 BPS. This system is at threshold in a codimension 4 
subspace and as a result the corresponding (4,4) CFT is non-singular. This would 
suggest that the elliptic genus for this model should be constant throughout the 
moduli-space, which in turn would indicate that the 3-charge system is stable 
everywhere. 

The symmetric product CFTs which arise by the adiabatic argument presented 
in section 3, is presumably valid at x — C2345/Q1 = 1/2. However, unlike in 
model //, the x an d fields are projected out in model III, and therefore, the 
X = 1/2 point cannot be connected to the point x — 0. In fact, as discussed at the 
end of section 2, the models obtained by Q projection at x = 1/2 may be quite 
different from the one at x — 0- This might be a possible explanation for why the 
elliptic genus of the symmetric product theory for model II after p, q exchange, 
which by U-duality should describe the multiplicities of the 3 charge system of 
model III at x — C2345 — 0, differs from that of the symmetric product theory 
for model III which is valid at nonzero x an d RR 4-form field. Conversely^ and 
RR 4-form C2345 of model III, under U-duality are mapped to NS 2-form B 15 
and the RR 4-form C1234 in model II. Note that these fields are projected out in 
model II but their discrete Z 2 fluxes are allowed. Therefore under the U-duality 
the symmetric product CFT of model III should be compared with the 3 charge 
system in model II in the background of the latter fields, which however breaks 

8 Actually model III with transverse shift is a 4-dimensional model and the subspace at 
which the system becomes threshold is real codimension one in the moduli space of this 4- 
dimcnsional theory. However the modulus which takes one away from the singular subspace is 
a certain combination of the metric G\§ and the RR 2-form Ci6 which would break the Lorentz 
invariance in the world sheet along 01 directions. 
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the Lorentz invariance of the world sheet along 01 directions. 

The near horizon geometries of the D1/D5 systems describe AdSs x S* 3 times a 
4-dimensional internal space. One can use AdS/CFT correspondence to compare 
the results from the bulk with that of the CFTs studied here. By introducing 
the concept of degree, [13], this comparison can be extended also to non-chiral 
primaries. In [44], we show that for model //, the CFT results are in complete 
agreement with the AdS/CFT predictions. On the other hand for model 
supergravity result is in contradiction with the (4,0) CFT for the excited states. 
In fact, it turns out that supergravity elliptic genus is consistent with the U-dual 
model, namely it reproduces the elliptic genus of model // with p and q exchanged 
(of course in the regime of validity). This result seems to support the remarks 
in the previous paragraph, according to which the elliptic genus for model /// at 
X = should be given by that of model II (after p, q exchange). It is however hard 
to see how the gravity analysis in model III would be effected by the non-trivial 
backgrounds of x and the RR 4-form field. Therefore, a proper understanding of 
the (4,0) models remains still an important open question. 
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8 Appendix A: SO{n\) x SO(n 5 ) D1/D5 gauge theory 

In this appendix we determine the spectrum of open string states living on in- 
tersections of Dl/D5-branes, in "type I" like backgrounds, where the orientifold 
group action is accompanied by a shift longitudinal to the world-volume system. 
Our aim is to show that, unlike for the more familiar type I cousins, where con- 
sistency of the underlying open string theory requires that Q projection acts with 
a relative sign between the Dl and D5 gauge groups [26], in the presence of a 
longitudinal shift SO{rii) x SO(n 5 ) Chan-Paton assignements are allowed. We 
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adopt the open string descendant techniques systematized in [27] 9 . Being inter- 
ested in open string theories describing excitations of D-brane bound states rather 
than vacuum configurations we relax (and generically violate) tadpole cancellation 
conditions. We will discuss the case of model /, with orientifold group generated 
by fla pi , but minor modifications are required to describe the T-dual model III 
associated to QI^(T Pl . 

These vacuum configurations are often termed as "type I theory without open 
strings", since the Klein bottle tadpole is removed by the presence of the shift 
and therefore the inclusion of D9(D5)-branes with their corresponding open string 
excitations are no longer needed [17]. Although we are mainly interested in the 
study of pure D1/D5 systems, with a little more effort, we can (and we will) include 
also n 9 D9-branes in our analysis. Besides aesthetical reasons, the inclusion of D9- 
branes will help the comparison with the more familiar type I results. 

We start by describing the D1-D5-D9 system in the presence of the standard 
type I orientifold (09)-plane. We orient ri\ Dl- and n 5 D5-branes along (01) and 
(012345) planes respectively. For an homogeneous notation it will be convenient 
to start by wrapping the whole system on a S* 1 x T 4 x T 4 torus, with directions 
(1) x (2345) x (6789), and only at the end take the volume of T 4 to infinity. 
The annulus, Moebius strip and Klein bottle amplitudes associated to such brane 
configuration can be written as J 4r X 



where A, B and C in p g h refers to h projection of the g-twisted chiral traces with 
twists oriented along the planes (2345), (6789) and (23456789) respectively. After 

For a quick review of these techniques and applications close to the ones presented here, see 
sections 2 of [41] and 3 of [42]. A systematic study of type I string vacua involving D-branes in 
the presence of shifts can be found in [43] . 
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performing the spin structure sums these traces can be written as 



Pah = 



Pah 



0\ 



9,h = - for g,h = A, B 



g,h= - for g,h = C 



Finally momentum and winding lattice sums are given by 
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(A.3) 



n,ez d 



The basic requirement that these string amplitudes (A.l) should satisfy is that, 
after the exchange of a and r directions, they must admit a sensible interpre- 
tation in terms of closed string exchanges between boundaries (D-branes) and 
crosscaps (09-planes). More precisely, the sum of closed string amplitudes should 
reconstruct the whole square 

(B\e- lH \B) (A.4) 



with 



\B) 



\09) + n 9 \D9) + n 5 |D5> + n x \D1) 



(A.5) 



and \09), \D9), \D5) and \D1) representing the boundary state for corresponding 
brane objects. 

Rewriting (A.l) in terms of the closed string variables £k = Yv ^ a = 1 ' ^ M = 
one is left (at the origin of the T 4 x T 4 lattice sum) with f d£x 

£o = ^[xo + Xv + Xs + XcW^v^v.Wr 11 ^) 

Ao = ^[xoIo + XvIv + XsIs + XcIc](ii)W 1 (^) 

Mo = -\ [xolo + Xvh + Xsh + Xdc] (it) Vviv.v, W^i^) (A.6) 

Pleven j g dgf^gj jj^g (A.3), with n restricted to be even. We have introduce the 
linear combinations of p g h traces 
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and the Chan-Paton dependent combinations 



//o\ /+ + + \ 

I v + - - 

Is + - + 

VcJ \+ + -J 




\ n u P£ j 



(A.8) 



with vi, V4 and £4 the volumes of S 1 , T 4 and T 4 respectively. The relevant modular 
transformations connecting the two expressions (A.l) and (A. 6) can be easily read 
from (A.2) to be: 



with h = A,B and a a factors of 2 depending on the kind of one-loop diagram. 

Rewritten in the basis (A. 7), one can easily recognize in JC + A + M given 
by (A. 6) as the different terms in the square (A. 4). Notice that, unlike tadpole 
cancellation conditions, the requirement that the whole amplitude reconstructs a 
square, is a restriction on the structure of the entire tower of massive closed string 
amplitudes. Indeed, this requirement together with the choice of SO gauge groups 
for D9-branes is sufficient to fix completely the Moebius strip string amplitudes, 
once the Klein bottle and annulus amplitudes are given [27]. In particular, the 
relative signs between the f2 projections on D5 and Dl, D9 Chan-Paton factors 
are crucial in order to reproduce the square. 

Let us consider the same system in the "type I" theory with the shift. First, let 
us notice that closed string states in (A. 6) with odd windings enter only in the 
annulus amplitudes. This can be attributed to the fact that only these states 
can be reflected by the standard 09-plane. The situation gets reversed if we now 
accompany the worldsheet parity operator with a a Pl momentum shift along the 
circle. This is done by replacing the lattice sum P\(t) in the Klein bottle and 
Moebius strip amplitudes (A.l) by 




P d (—J = v d (aef*W d (a£) 



(A.9) 




(A.10) 




(A.ll) 
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and therefore now only odd windings modes are reflected by the orientifold plane. 
We can see that combining this with a non-trivial Wilson line turned on in the 
D5 gauge group, one gets the desired result. The Wilson line can be included by 
replacing the lattice sum P\(t) accompanying annulus terms linear in k by 



Pi(t)-Pi 



(t) = E e 



-irta 



,(«i-2) 2 



(A.12) 



After these replacements, the Klein bottle and annulus amplitudes can be written 
in the closed string channel as 

ICo = y[x + Xy + X5 + xdMW4^ odd (^) 

A = ^[xoI 2 o + Xv4 + XsI 2 s + XcI 2 c }WWr n (^ 

+^ [Xoll + Xvlh + XsI 2 o + Xd 2 v] (<€) W? dd ^) 



The complete square is now reconstructed by 

2 £ 

Mo = - 2 [Xoh + Xvlc + Xslo + xrfv] (it) \M^4 W? dd (-) 



(A.13) 



(A. 14) 



which differ from the ones in (A. 6) by the parity of the closed string winding sum 
W° dd and in an overall flip of the sign of k. This leads in the open string channel 
to the lattice sum (A. 10) and the gauge group SO(M) x SO{k) x SO(N) gauge 
theory. In deriving this result we have used the massless content poo = V + H, 
Poa = V — H pao = \H with V, H denoting massless N = 2 vector- and hyper- 
multiplets. For the case we are interested in, we set rig = 0, which leads, after the 
above replacements, to the direct amplitudes 
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(A.15) 
it) (A.16) 



9 Appendix B: Symmetric product orbifold CFT: free field 
theory realization 

In this appendix we give an alternative derivation of the partition function for- 
mulae (4.17) for the case where the Hilbert space H involved in the symmetric 
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product admits a free field theory (orbifold) description. We follow closely [22]. 

The oscillator contribution of a given worldsheet field <£> with boundary conditions 
(4.1), to the string partition function is given by 



hd 



e 2nih 4>y u >4>q r ' 



(B.l) 



?1=1 



with e<^ = — 1 for bosons and e$ — 1 for fermions. The partition function (4.2), 
can then be written as a product over $ of such contributions in the left and 
right moving-part of the CFT, times a (in general non-holomorphic) zero mode 
contribtuion 



— TT 

(H\q,q,y,y) = r 2 2 [[z z o 



9<t> 



(q,y)Z Z o 



(q,y) 



(B.2) 



For complex bosonic and fermionic degrees of freedom this zero mode contribution 
can be written as 



(q,y) 



qX<t>q 2 p L 



boson 



hd 



(q,y) = g 



boson 



Z 



fcrmi 



hd 



(q,y) = q -x*(y"* + y-"*-2) 

(q,v) = q~ M 



(B.3) 



fcrmi 



with similar expressions for the right-moving components in terms of anti holo- 
morphic quantities and Pl replaced by Pr. In the following we will display only 
holomorphic formulas since the analysis of the antiholomorphic part follows triv- 
ially. The boson in (B.3) is understood to be compact. For non compact bosons 
we should of course simply omit the lattice sum in (B.3). u;^ stands for the charge 
of the field (f> under Jq and x<p represents the contribution of a complex boson 
with spin characteristics g^, h$ to the zero point energy 



11. 
X4> = + 2 9 ^ 1 ~ 9 ^' 



(B.4) 



Orbifold group sectors and the N copies of the field $ are labeled following the 
notation of section 4. Since the g and h twists commute we can diagonalize them 
simultaneously. In this basis one can write 



g = 
h = 



,2wt(- 



- + — ) 



(B.5) 
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Let us now evaluate the basic trace (4.10). For the time being we will concentrate 
on the left-moving contribution Z osc [^*] (q, y) . After simple manipulations of the 
product formulae one is left with 



(M) r Mt □ 

(l) Nl 



U Q 



i,l,m n=l 



i n=l 



e 2ni(s l g 4 ,+Mh 4 ,) y MuJ 4>(qT7 e 



2ni- 



9<f L 
g^Si + Mh 4 



L\ej 



■yn-g^L^ 



(B.6) 



The result is in agreement with (4.10). One can follow similar manipulations 
to show that the zero mode contribution to S^Ti can be again reexpressed as 



Z \ 



2?-„2m-h „,M\ 



This is clear for the lattice sum and the fermionic 



LgJ+M h JU Le ^ L ^ 

zero mode trace following similar manipulations as before, while for the zero point 
energy this can be read off from (B.4) (let say in the (L) M -twisted sector) leading 
to a contribution q XL > M with 



L-l 



Xl,m 



1=0 



i i. i. M i: 

12"2 ( ^ + Z )(1 "^"L ) 
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" e </> 
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as expected. 

This concludes our derivation of (4.10) in the free field theory context. 

Following the same steps as in section 4, one readily arrives to the symmetric 
product formulae (4.17). 



10 Appendix C: Modular integral with shifts 



In this appendix we evaluate the modular integral (6.6). 

(w)r 2 ,2 



T 2 9,h,n 



[v, w e 



2-winr 



(C.l) 



with d = 2(6) in the case of models I F , III F (I If) and r 2j 2 [%\ {£ -v,£*- w) defined 
by (6.8). 

We start by reabsorbing (d + 2)/2 powers (the number of w-insertions) of r 2 by 
the rescaling of the left moving source w — > ^. Equalities in the following are 



51 



understood to hold once (d + 2)/2 w-derivatives are applied to the final result, 
with the sources w then set to zero. 



After performing the T\ gaussian integral we are left with 



s a,b 



(u 2 T 2 y. 
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We are interested in the leading order in a l/T 2 expansion of (C.2), which is 
associated in the dual theory to the semiclassical approximation around the D- 
instanton background. In this limit all subleading ill-dependent terms in the 
exponential can be discarded since they lead to subleading contributions once 
they are hitted by ill-derivatives. At the leading order the result can be written 
as 

Q a,b= 2^ uT\ e V l ^a,b + h - C - ( C - 4 ) 



mi,n 2 ,g 



n 2 



where v = v-JJ — v 2 and w = -jj-(wiU —w 2 ) are induced sources and h.c. denotes the 
hermitian conjugate contributions coming from anti D-instantons. 3- g represents 
the shift dependent sum 



a,b 



2 b] 



g27ri( ^-ni — 2a\ b\gh~ ai hmi +ai gm ) q 
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Our next task is to evaluate (C.5) in the cases of a winding a\ — 1 or momentum 
shift b\ = 1. The domains of rh,n are specified by (6.9), while n is integer in the 
untwisted sector and both integer and half integer in the twisted sector. Using 
the identity 
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and performing the geometric sums one can write the final result as 
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with V 7 ^ 6 a projector onto states with — e Z + 5. 



(C.7) 



Plugging in (C.4) and introducing the quantum number fc = G Z + ai<? one 



obtains, after performing the remaining mi,ri2 sums, with the final result (6.15). 



References 

[1] A. Strominger and C. Vafa, Microscopic Origin of the Bekenstein- Hawking Entropy, 
Phys. Lett. B379 (1996) 99, hep-th/9601029. 

[2] J.M. Maldacena, Black Holes in String Theory, hep-th/9607235. 

[3] S.F. Hassan and S.R. Wadia, D-Brane Black Holes: Large-N Limit and the Effective 
String Description, Phys. Lett. B402 (1997) 43, hep-th/9703163. 

[4] J.R. David, G. Mandal and S.R. Wadia, D1/D5 Moduli in SOFT and Gauge The- 
ory, and Hawking Radiation, hep-th/9907075. 

[5] J.M. Maldacena, The Large N Limit of Superconformal Field Theories and Super- 
gravity, Adv.Theor.Math.Phys. 2 (1998) 231; Int. J. Theor. Phys. 38 (1999) 1113, 
hep-th/9711200. 

[6] A. Giveon, D. Kutasov and N. Seiberg, Comments on String Theory on AdS%, 
Adv. Theor. Math. Phys. 2 (1998) 733, hep-th/9806194. 

[7] C. Vafa, Instantons on D-branes, Nucl. Phys. B463 (1996) 435, hep-th/9512078. 

[8] M. Bershadsky, V. Sadov and C. Vafa, D-branes and Topological Field Theories 
Nucl. Phys. B463 (1996) 420, hep-th/9511222. 

[9] E. Witten, On the Conformal Field Theory of the Higgs Branch JHEP 07 (1997) 
003, hep-th/9707093. 

[10] J.M. Maldacena, G. Moore and A. Strominger, Counting BPS Black Holes in 
Toroidal Type II String Theory, hep-th/9903163. 

[11] J.M. Maldacena and A. Strominger, AdS3 Black Holes and a Stringy Exclusion 
Principle, JHEP 9812 (1998) 005, hep-th/9804085. 

[12] J. de Boer, Six- Dimensional Supergravity on S 3 x AdSs and 2D Conformal Field 
Theory, JHEP 9905 (1999) 017. 



53 



[13] J. de Boer, Large N Elliptic Genus and AdS/CFT Correspondence, hep-th/9812240. 

[14] R. Dijkraaf, J.M. Maldacena, G. Moore and E. Verlinde, A Black Hole Farey Tail, 
hep-th/0005003. 

[15] A. Beauville, Riemannian Holonomy and Algebraic Geometry, math. AG/9902110. 

[16] R.Dijkgraaf, Instanton Strings and Hyperkhaler Geometry, hep-th/9810210. 

[17] M. Bianchi, A Note on Toroidal Compactifications of the Type I Superstring and 
Other Superstring Vacuum Configurations with 16 Supercharges, Nucl.Phys. B528 
(1998) 73-94, hep-th/9711201. 

[18] C. Vafa and E. Witten, Dual String Pairs with N = 1 and N = 2 Supersymmetry 
in Four Dimensions, Nucl. Phys. B447 (1995) 261, hep-th/9505053. 

[19] A. Sen, Duality and Orbifolds, hep-th/9604070. 

[20] E. Witten, Toroidal Compactification Without Vector Structure, JHEP 9802 (1998) 
006, hep-th/9712028. 

[21] E. Gava, J.F. Morales, K.S. Narain, and G. Thompson, Bound States of Type I 
D-Strings, Nucl. Phys. B528 (1998) 95. 

[22] M. Bianchi, E. Gava, J.F. Morales and K.S. Narain, D-strings in Unconventional 
Type I Vacuum Configurations, Nucl.Phys. B547 (1999) 96-126, hep-th/9811013. 

[23] N. Seiberg and E. Witten, The D1/D5 System and Singular CFT, hep-th/9903224. 

[24] F. Larsen and E. Martinec, U(l) Charges and Moduli in the D1/D5 System, hep- 
th/9905064. 

[25] A. Dhar, G. Mandal, S.R. Wadia and K.P. Yogendran, D1/D5 System with B- field, 
Noncommutative Geometry and the CFT of the Biggs Branch, hep-th/9910194. 

[26] E. Gimon and J. Polchinski, Consistency Conditions for Orientifolds and D- 
manifolds, Phys. Rev. D54 (1996) 1667. 

[27] A. Sagnotti, Open Strings and Their Symmetry Groups, in "Non-Perturbative 
Quantum Field Theory", eds. G. Mack et al (Pergamon Press, 1988), p. 521. 
M. Bianchi and A. Sagnotti, Phys. Lett. B247 (1990) 517; Nucl. Phys. B361; 
P. Hofava, Nucl. Phys. B327 (1989) 461; Phys. Lett. B231 (1989) 251; 
M. Bianchi, A. Sagnotti, On The Systematics of Open String Theories, 
Phys.Lett.B247:517-524, 1990; 

M. Bianchi, G. Pradisi and A. Sagnotti, Nucl. Phys. B376 (1991) 365. 

[28] N. Dorey, T.J. Hollowood, V.V. Khoze, M.P. Mattis and S. Vandoren, Multi- 
Instanton Calculus and the AdS/CFT Correspondence in N = 4 Superconformal 
Field Theory, Nucl. Phys. B552, 88, 1999; 

For Z2 projections to Symplectic and Orthogonal groups: E. Gava, K.S. Narain 



54 



and M.H. Sarmadi, Instantons in N = 2 Sp(N) Superconformal Gauge Theories 
and the AdS/CFT Correspondence, Nucl.Phys.B569, 183, 2000, hep-th/9908125; 
T.J. Hollowood, V.V. Khoze and M.P. Mattis, Instantons in N=4 Sp(N) and SO(N) 
Theories and the AdS/CFT Correspondence, hep-th/9910118. 

[29] S. Gukov, K Theory, Reality and Orientifolds, Comm.Math.Phys.210 (2000) 621, 
hep-th/9901042; O. Bergman, E.G. Gimon and P. Horava, Brane Transfer Opera- 
tions and T-Duality of Non-BPS States, JHEP 9904 (1999) 010, hep-th/9902160. 

[30] L. Dixon, J. Harvey, C. Vafa and E. Witten, Strings on Orbifolds I, Nucl. Phys 
261 (1985) 620; Strings on Orbifolds II, Nucl. Phys. 274 (1986) 285. 

[31] R. Dijkgraaf, G. Moore, E. Verlinde, and H. Verlinde, Elliptic Genera of Symmetric 
Products and Second Quantized Strings , Comm. Math. Phys. 185 (1997) 197. 

[32] R. Dijkgraaf, Discrete Torsion and Symmetric Products, hep-th/9912101. 

[33] R. Dijkgraaf, E. Verlinde, H. Verlinde, BPS Spectrum of the Five-Brane and Black 
Hole Entropy, Nucl.Phys. B486 (1997) 77, hep-th/9603126; 

R. Dijkgraaf, E. Verlinde, H. Verlinde, BPS Quantization of the Five-Brane, 
Nucl.Phys. B486 (1997) 89, hep-th/9604055. 

[34] C. Bachas, Heterotic versus Type I, Nucl. Phys. Proc. Suppl. 68 (1998) 348, hep- 
th/9710102. 

[35] C. Bachas, C. Fabre, E. Kiritsis, N. Obers and P. van Hove, Heterotic- Type I Du- 
ality and D-Brane Instantons, Nucl. Phys. B509 (1998) 33, hep-th/9707126; 
E. Kiritsis and N. Obers, Heterotic - Type I Duality in D < 10 Dimensions, 
Threshold corrections and D-Instantons, J. High Energy Phys. 10 (1997) 004, hep- 
th/9709058; 

J. Harvey and G. Moore, Fivebrane Instantons and R 2 couplings in N = 4 String 
Theory, Phys.Rev. D57 (1998) 2323, hep-th/9610237; 

A.B. Hammou and J.F. Morales, Five-brane Instantons and Higher Derivative Cou- 
plings in Type I String Theory, Nucl. Phys. B573 (2000) 335, hep-th/9910144. 
N.A. Obers and B. Pioline, Eisenstein Series and String Thresholds, Commun. 
Math. Phys. 209 275, 2000, hep-th/9903113; 
K. Foerger, On Heterotic /Type I Duality in d=8, hep-th/981215; 
E. Kiritsis and B. Pioline, Nucl. Phys. B508 (1997) 509, hep-th/9707018. Com- 
mun. Math. Phys. 209 275, 2000, hep-th/9903113; 

W. Lerche and S. Stierberger, | BPS States and Non-perturbative Couplings in 
N = 4 String Theories, hep-th/9907133; 

W. Lerche, S. Stieberger, N.P. Warner Quartic Gauge Couplings from K3 Geome- 
try, hep-th/9811228. 

[36] I. Antoniadis, E. Gava, K.S. Narain and T. Taylor, N=2 Type II Heterotic Duality 
and Higher Derivative F-Terms 1 Nucl.Phys B455 (1995) 109, hep-th/9507115. 



55 



[37] A. Gregori, E. Kiritsis, C Kounnas, N.A. Obers, P.M. Petropoulos and B. Pioline, 
R 2 Corrections and Non-perturbative Dualities of N = 4 String Ground States, 
Nucl. Phys. B510 (1998) 423, hep-th/9708062. 

[38] L. Dixon, V. Kaplunovsky and J. Louis, Nucl. Phys. B355 (1991) 649. 

[39] E. Gava, A. Hammou, J.F. Morales and K.S. Narain, On the Perturbative Correc- 
tions Around D-string Instantons, hep-th/9902202, JHEP9903 (1999) 023. 

[40] O. Bergman, Three-pronged Strings and 1/4 BPS States in N = 4 Super- Yang- 
Mills Theory, hep-th/971221; K. Lee and P. Yi, Dyons in N = 4 Supersymmetric 
Theories and Three Pronged Strings, hep-th/9804174; 

[41] M. Bianchi and J.F. Morales, Anomalies and Tadpoles, JHEP 0003 (2000) 030, 
hep-th/0002149. 

[42] M. Bianchi and J. F. Morales, RG-flows and Open/Closed String Duality, JHEP 
0008 (2000) 035, hep-th/0006176. 

[43] I. Antoniadis, E. Dudas and A. Sagnotti, Super symmetry breaking, open strings 
and M-theory, Nucl.Phys. B544 (1999) 469, hep-th/9807011; I. Antoniadis, G. 
D'Appollonio, E. Dudas and A. Sagnotti, Partial breaking of super symmetry, open 
strings and M-theory, Nucl.Phys. B553 (1999) 133, hep-th/9812118; I. Antoniadis, 
G. D'Appollonio, E. Dudas and A. Sagnotti, Open Descendants of x Z2 Freely- 
Acting Orbifolds, Nucl.Phys. B565 (2000) 123, hep-th/9907184. 

[44] E. Gava, A.B. Hammou, J.F. Morales and K.S. Narain, AdS/CFT correspondence 
and D1/D5 system in theories with 16 supercharges, in preparation. 



56 



